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. Abstract 

I n this paper, we prove that there exists a unique global strong solution to the three- 
dimensional full compressible Navier-Stokes equations with vacuum at infinity, provided 
that the initial mass is small in some sense. The initial vacuum may also appear in a subset 
of M 3 besides at infinity, or can be of compact support. Our result shows that the initial 
mass can be large if the coefficients of viscosity and heat conduction are taken to be large, 
which implies that large viscosity and heat conduction mean large solution. Furthermore, 
large time behavior and decay estimates of the strong solution are considered, and some 
necessary conditions also are given for global strong solution with momentum or energy 
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initial data is more regular. 
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1 Introduction 



The well-known compressible Navier-Stokes equations, describing the motion of compressible 
fluids (gas, et al), can be written in the sense of Eulerian coordinates in M 3 as follows: 

'pt + V ■ (jm) = 0, 

< (pii) t + div(pu<g>u) + VP = div(T), (1.1) 
_ (pE) t + div(pEu + Pu) = div(T it) + div(«V0). 

Here T is the stress tensor given by 

T = p (Vit + (Vit)') + Adivitl 3 , 

where 4 is a 3 x 3 unit matrix; p = p(x,t), u = u(x,t) = (u\, it2, uz)(x, t) and 9 = 9(x,t) 
are unknown functions denoting the density, velocity and absolute temperature, respectively; 
P = P(p,8), E, and k denote pressure, total energy, and coefficient of heat conduction, 

Id 2 

respectively, where E = e H — (e is the internal energy); p and A are coefficients of 

viscosity, satisfying the following physical restrictions 

^>0, A + ^ >0. (1.2) 
Assume that the equations of state of P and e are of ideal polytropic gas 

p = R P e, e = c v e, 

for some constants R > and C u > 0. These two constants play no role in the analysis, we 
assume R = C u = 1 henceforth. 

There were lots of works on the well-posedness of solutions to the Cauchy problem and the 
initial-boundary- value problem for (jl.ip . While, because of the stronger nonlinearity in (jl.ip 
compared with the compressible Navier-Stokes equations for isentropic flow (no temperature 
equation), many known mathematical results concern with the absence of vacuum (vacuum 
means p = 0), refer, for instance, to [H OH UM EH EH ESI E3 [29] for local or global existence 
of classical solutions in one dimension or high dimensions. In particular, Matsumura and 
Nishida in |26| 127] showed that the global classical solution exists provided that the initial 
data is small in some sense and away from vacuum in three dimensions. In one dimension 
and high dimensions with spherically symmetric solutions, the global existence of classical 
solutions with large initial data has been obtained (see [Ml ESI HI]). On the existence, 
asymptotic behavior of the weak solutions to the system (jl.ip with inf pq > 0, please refer, 
for instance, to \19 \ \20 \ l2T j 113 } \12. 9j for one dimension and high dimensions. 

When vacuum may appear, some new challenging difficulties arise, such as degeneracy 
of the equations, et al. Despite this, some results concerning with global existence of weak 
solutions and local existence of strong solutions have been obtained in [10\ [lj [3]. More 
precisely, Feireisl in his pioneering work [10] got the existence of so-called variational solutions 
to (jl.ip with temperature-dependent coefficient of heat conduction in a bounded domain 
Q, C Mr for N > 2. The temperature equation in [10] is satisfied only as an inequality 
in sense of distribution. This work is the very first attempt towards the existence of weak 
solutions to the full compressible Navier-Stokes equations in high dimensions. In order that 
the equations are satisfied as equalities in sense of distribution, Bresch and Desjardins in [lj 
proposed some different assumptions from [TO], and obtained the existence of global weak 
solutions to the full compressible Navier-Stokes equations with density-dependent viscosity 
and density-temperature-dependent coefficient of heat conduction in T 3 or R 3 . As pointed 
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out in p], initial vacuum state at infinity seems not to be included. On the local existence 
and uniqueness of strong solutions to (jl.ip with vacuum or non-vacuum at infinity in three 
dimensions, please refer to [3] for the perfect gas with constant coefficients of viscosity and 
heat conduction. 

Recently, in our previous papers [301 EI]> with vacuum and large initial data, we got 
existence and uniqueness of global classical solutions to the initial-boundary-value problem 
of (jl.ip in one dimension and in high dimensions with spherically and cylindrically symmetric 
initial data. Temperature-dependent coefficient of heat conduction plays an crucial role in 
the proof of the main results in [301 [3T] . With vacuum and small initial data, Huang and 
Li ([H]) obtained the existence and uniqueness of global classical solutions to the Cauchy 
problem of (jl.ip in M 3 with non-vacuum state at infinity and constant coefficients of viscosity 
and heat conduction. 

With vacuum state at infinity, to our best knowledge on the well-posedness of the solutions 
to (jl.ip . there only exist local strong solutions in R 3 ([3]). It seems that one should not expect 
better regularities of the global solutions to (jl.ip in general because of Xin's results (|32|) 
and Rozanova's results (|28j). It was proved that there is no global smooth solution in 
C 1 {[0,oo);H m (R d )) (m > [f] + 2) to the Cauchy problem of CO]), if the initial density is 
nontrivial compactly supported (|32j). or the solutions are highly decreasing at infinity (|28j). 
Recently, we noticed that the restriction on the initial density in [32] was relaxed by Xin and 
Yan in [33] to a condition that the initial density has an isolated mass group (V, U) satisfying 

(V CV CU Cfl, 
\po = 0, inU-V, 

and po is not identically equal to zero on V, where U is a bounded and connected open set. 
Under this condition, it was proved that there is no global classical solution to (jl.ip in the 
space X = {(p,u,E); p £ C 1 ([0, oo); C 1 ), (u,E) G C 1 ([0, oo); C 2 )}. 

One natural question arises. Does there exist some global solution to (jl.ip with regular- 
ities not up to X, when vacuum state appears at infinity? We will answer the question in 
this paper. More precisely, we will show the existence, uniqueness, asymptotic behavior as 
well as the decay rate, and some properties of global strong solution to (jl.ip with vacuum 
state at infinity. Finally, we will prove that the global strong solution can become classical 
with regularities not up to X, if the initial data is regular enough. In particular, the initial 
density may also appear in a subset of M 3 besides at infinity, or can be of compact support. 
The main difficulties are stated as follows: 



(D\) : No good energy. 



When p — > p > 0, 9 — > 9 > 0, the following classical energy identity holds (refer, for 
instance, to (3.12) in where both p and 9 are assumed to be 1) 



C(t) + f I 

JO JR a 



'W±f^ + ^Uc(o), 



where 

|2 



C(t) = + (1 + plogp - p) + p(9 - log 9 - l)\ (t). 

Here if (p, 9) = (0,0), the corresponding C(0) might be negative when vacuum appear. 
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(D2) : Zlotnik inequality (see Appendix A in Section 7) which was used in [15] does not 
work here. This is because 5(00) ^ —00 due to the possible vanishing of 9. 



Our strategies on handling (D\) and (-D2) are as follows. Firstly, for (Di), we can prove 
that the mass is conserved for all time with the regularities of the strong solutions, i.e., 




Then the initial mass is assumed to be small in some sense (may be large if the coefficients of 
viscosity and heat conduction are large), which could make the estimates go forth. Secondly, 
for (D2), we notice g < 0, and then use some ideas of Lions ([25]) and Desjardins ([5]) to get 
the uniform (in time) upper bound of p. This could deduce N\ = in Appendix A and thus 
g < is enough in stead of 5(00) = —00, which is the crucial ingredient in the proof of the 
upper bound of the density. See Lemma [3781 for more details. 

Before we state our main results, we would like to give some notations which will be used 
throughout this paper. 

Notations: 




(ii) For 1 < I < 00, denote the L l spaces and the standard Sobolev spaces as follows: 

L l = L'(S), D k > 1 = {« € £ioc(£) : ||V fc u|| L , < 00} , 

W k ' 1 = L l n D k '\ H k = W k ' 2 , D k = D k ' 2 , 
Dq = ju G L 6 : ||Vii|| L 2 < 00}, 

II II llT—rk II 

IMId*^ = II v u\\ L i. 

(iii) G = (2/U + A)divn — P is the effective viscous flux. 

(iv) h = ht + u ■ V/i denotes the material derivative. 

(v) C = / Po- 

The rest of the paper is organized as follows. In Section 2, we present our main results. In 
Section 3, we prove the global existence of strong solution by making some a priori estimates 
globally in time. In Section 4, we get the decay estimates of the strong solution. In Section 
5, we show some necessary conditions for the global strong solution under the assumptions 
that momentum or energy is conserved. In Section 6, based on the local well-posedness of the 
classical solution, we get the existence and uniqueness of global classical solution by deriving 
some higher order estimates globally in time. In Section 7, we give the proof of the local 
well-posedness of classical solution. 
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2 Main results 



Assume that p,, A and k are constant. In this case, if the solutions are regular enough (such 
as strong solutions and classical solutions), (jl.ip is equivalent to the following system 

' p t + V ■ (pu) = 0, 

pu t + pu-Vu + VP(p, 9) = pAu + (p + A)Vdivu, (2.1) 
p6 t + pu • V0 + pfldivit = f \Vu + {Vu)'\ 2 + X(dwu) 2 + kA9, in M 3 x (0,oo). 

System l\2.1\) is supplemented with initial conditions 

(p,u,e)\ t=0 = ( P o,u ,e ), x G M 3 , (2.2) 

with 

p{x,t) — > 0, u(x,t) ->■ 0, 8(x,t) — > 0, as \x\ — > oo, for t > 0. (2.3) 

We give the definition of the strong solution to (|2.ip - (|2.3p throughout this paper, which 
is similar to [3J. 

Definition 2.1 (Strong solution) For T > 0, (p,u,6) is called a strong solution to the com- 
pressible Navier-Stokes equations \2. l\) - [273\) in M 3 x [0, T], if for some q G (3,6), 

o < pe Cdo^w^nH 1 ), Pt G C([0,T];L 2 nL 9 ), 
(«, 9) G C([0, T];D 2 n D$ n L 2 ([0, T];D 2 >i), (u t , 6 t ) G L 2 ([0, T);Dq), (2.4) 
WM,yf&t) GL°°([0,r];L 2 ), > 0, 

and (p,u,9) satisfies \2. 1\) a.e. in M 3 x (0, T]. In particular, the strong solution (p,u,9) of 
112. l\) - [2~3\) is called global strong solution, if the strong solution satisfies {2.1$ for any T > 0, 
and satisfies 112.1]) a.e. in M 3 x (0, oo). 

We present our main theorems. The first one is concerned with global strong solution. 

Theorem 2.2 (Global strong solution) For any given K{ > (i = 1,2) and p > 0, assume 
that the initial data (po,uo,9q) satisfies 

Po > 0, 6» > 0, in M 3 , p G H 1 n W 1 ' 9 n L 1 , (u , 6 ) 6D 2 nDj, (2.5) 

/or some q G (3, 6), and 



Jo < po < P, in M 3 , 

\||Vn || L2 < ^Kl, Wy/pZOvWv < v 7 ^, 



(2.6) 



and the compatibility conditions 



pAu + (p + A)Vdivu - VP(p , 6> ) = yfp Q gi, 

nA9 + {* \Vu + (Vu )'| 2 + A(divno) 2 = ^Pof2, a; G K 3 , 



(2.7) 



for some gi G L? , i = 1,2. T/ten £/tere exists a unique global strong solution (p,u,9) in 
M 3 x [0, T] for any T > 0, provided that 

, . C(2p + A)^ CV 2 p 12 (2p + A) 24 t?-;2/; • A)' , 
C < mm { C 3 , — j— -, j , ~- > = e , 

p-(l + C 12 )- (1 + C 12 ) 12 (pk£; + 1) 12 ^ 
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wher,E = ^ + ]I ^ + 1I( ^ + l ) and 
C 3 = 



mm < 



e^ + W cVK 3 (2f , + A)6i fV c y (2> , + A)g ggV ^ 

«(/* + A) + 1" 



for some constant C > depending on p,K\,K2, and some other known constants but inde- 
pendent of [A, A, k, and t. 

Remark 2.3 The local existence and uniqueness of the strong solution has been obtained by 
Cho and Kim in J3]/, if the initial data satisfies \2. 5\) and (2.1). 



Remark 2.4 The coefficients of viscosity are only required to satisfy the physical restriction 

Remark 2.5 In the papers \12\ \1$, it seems not clear that the initial data could be large even 
if the coefficients of viscosity and heat conduction are large enough. Even for the isentropic 
flow ([15]), it seems not clear, either. In Theorem \2.2\ for any fixed A satisfying U.2\) . as p 
and k are large enough, we have 

1 K 
E ~ — + — + 1, 

p z ^ 

„ ■ f r q ,: i in ^ K ^ 
C 3 ~ mm < u°, u y n 6 , it , — , - , — 

\ E 2 ^ fi^E 6 E±/j? E 3 

6 /i 12 ^V 2 «V° «V 



mm < a , ^, —s 

r k-2 i ,,6 ' k-6 _i_ ,,18 



Thus, 



p 12 AtV 12 «V° «V « A* 60 Ai 15 
g ~mm< „ i „ , „ i ■ 1S , - r - — py, , ■ _ Q , M 7 



K 2 + /i 6' K 6 + /i 18' K 4 + M 12' K 3 + /i 9' ^ ' K 12 + ^36 ' K 3 + ^9 



/or some a = a(r\) > 0, provided k ~ p T1 , for any t\ £ (|,5). in i/izs case, the initial 
mass (i.e., Co) could be large if p, are sufficiently large. In fact, for initial-boundary-value 
problems or periodic problems of compressible Naiver-Stokes equations with vacuum in one 
dimension, or in two dimensions for isentropic flow, or in higher dimensions with symmetric 
initial data, the existence of global large regular solutions has been obtained, please refer to 

J3 \M M . 

Theorem 2.6 (Asymptotic behavior) Under the conditions of Theorem \2.2\. it holds that 

(/ol^l 2 + |Vw| 2 + |V0| 2 ) ^ 0, (2.8) 



as t —7- oo, provided that 

C < en. 

Furthermore, the following decay rate 

(p6 2 + \X7u\ 2 ) < Cexp{-Cii}, (2.9) 
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holds for any t G [0,oo) ; provided that 

C < min{e , £o}, 

for some positive constants eq, C, and C\ depending on p,, A, k, K\, K2, p, and some other 
known constants but independent oft. 

Remark 2.7 Some large time behaviors of the solutions to M.l]) with non-vacuum state at 
infinity have been obtained by Hoff (}12$j) and Huang et al (H4V - Here we get the large time 
behavior \2. 8\) together with the exponentially decay estimate i2.9\) . While, the large time 
behavior of p and the decay rate of p and 9 are still unknown. 

From physical points of view, mass conservation, momentum conservation and energy 
conservation are well known. But from mathematical points of view, the solutions obtained 
in Theorem 12.21 seem only satisfy mass conservation (see Lemma 13.41 below). What would 
happen if some solutions satisfy another two kinds of conservation besides mass conservation? 
We will answer the question in the following theorem. 

Theorem 2.8 Assume that global solution (p,u,6) of \2. l]) - [2~5~]) satisfies mass conservation 
for all time with initial density p$ G L 1 (M 3 ) J and is bounded as follows: 

< p < Cb, ||Vn|| L 2([ 0it ]. L 2( R 3)) < Cb, ||V6'|| L 2([ 0it ]. L 2( K 3)) < Cb, (2.10) 

for any (x,t) G M 3 x [0,oo) ; and some positive constant Cb independent of x and t. If, in 
addition, the solution satisfies momentum conservation or energy conservation, i.e., 

/ P u = Po u o, (2- 11 ) 

or 

p -^ + P e)=f ( p -^ + Po e ), (2.12) 



for any t > 0, then the initial momentum or the initial energy must be zero. 

In particular, for some global strong solution (p,u,9) of \2.1\) - [2~3\) satisfying 112. 1 U\) with 
initial density po G L 1 (M 3 ) ; if \2. 12\) is satisfied, then 

( P ,u,6) = (po,0,0), (2.13) 

for any (x,t) G M 3 x [0, 00). 

Remark 2.9 Roughly speaking, \2.1cty means that global bounded strong solution of 112. 
\2. 3\) with energy conservation must be trivial, which is similar to the well-known Liouville 
Theorem. 

Remark 2.10 The solution obtained in Theorem \2.2\ satisfies \2.10\) . see Corollaru \3.2\ and 
Lemma \3.5\ below. Thus, Theorem \2.8\ implies that the global strong solution obtained in 
Theorem \2.2\ does not satisfy momentum conservation and energy conservation generally. 

Remark 2.11 The question of whether energy is conserved for weak solutions of the three- 
dimensional incompressible Euler's equation is the well-known Onsager's Conjecture, which 
has been answered by Constantin et al in 0]/. In fact, if the solution of the three-dimensional 
incompressible Euler's equation is smooth enough, the energy conservation is obvious. Here, it 
is totally different, because the energy is not conserved generally for the global strong solution 
as in Theorem \2.2\ By and U.l\h . 112.11]) and 112.12]) will be satisfied, if, for example, 

the solutions are highly decreasing at infinity as that in }28\[ . While, it is still open whether 
there exists a solution of hl.l]) such that the energy (or momentum) is conserved. 
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The global strong solution as in Theorem 12.21 can become classical, if the initial density is 
assumed to be satisfied as that in [141 122j . More precisely, we get the next theorem. 

Theorem 2.12 (Global classical solution) Under the conditions of Theorem 1 2.2\ if in addi- 
tion that 

p £ H 2 r\W 2 ' g , (2.14) 

for some q G (3,6), then there exists a unique global classical solution (p,u,9) such that 

P eC([0,T]-H 2 nW 2 ' q ), pt G C([0, T]; H 1 ), p > 0, 6 > in M 3 x [0,T], 

(u, 6) G C([0, T];D 2 n Dq) Pi L 2 ([0, T];D 3 ), (ut, 6t) G L 2 ([0, T];Dq), 

(VP^,VW G L°°([Q,T];L 2 ), Vt^uu G L 2 ([0,T];L 2 ), t^u tt G L°°([0, T]; L 2 ), 

Vtn G L°°([0, T]; D 3 ), V~tu t G L°°([0, T]; DjJ) n L 2 ([0, T]; D 2 ), 

in G ^([O.T];^"), tu t G L°°([0, T]; D 2 ), tu tt G L 2 ([0, T]; D*), 

t9 G L°°([0,r];Z) 3 ) DL 2 ([0,T];D 4 ), t0 t G L°°([0, T]; D\) D L 2 ([0, T]; D 2 ), 

t^eL°°([0,T];Z} 4 ), tl0 t GL oo ([O,T];D 2 ), tyfp6 t t G L 2 ([0, T]; L 2 ), 

ilv^tf GL°°([0,r];L 2 ), i§0 tf GL 2 ([0,T] ;J Di), 

/or any T > 0. 

Remark 2.13 77ie classical solution here means that the solution satisfies 112.1]) in M 3 x 
(0,oo) and satisfies A2.2\) - [2~3\) . This implies that the solution with regularities as in t2.15\) 
is classical. 

Remark 2.14 Though the initial data can be large if the coefficients of viscosity and heat 
conduction are large, it is still unknown whether the global classical solution exists when the 
initial data are large for the fixed coefficients of viscosity and heat conduction. It should be 
noted that the similar question of whether there exists a global smooth solution of the three- 
dimensional incompressible Navier-Stokes equations with smooth initial data is one of the 
most outstanding mathematical open problems (fE/)- 



3 Global strong solution 

In this section, we shall prove the global existence and uniqueness of the strong solution. 
Since the local existence and uniqueness of the strong solution has been obtained in [3J under 
the conditions of Theorem 12.21 we assume that T* > is the maximal time for the existence 
of the strong solution. We shall prove T* = oo by using contradiction arguments. 
Recall that we got the result in our previous paper |31j : If T* < oo, then 

Hm T S ;P, (llPlU~(0,T;^) + IHU(0,T;l¥)) = °°> 

provided 3p > A. The additional restriction on the coefficients of viscosity was only used 
when the following estimate was obtained 

sup / p\u\ A dx+ [ [ \u\ 2 \Vu\ 2 dxdt < C, (3.2) 
o<t<T Jr3 Jo Jwl 3 

where C may depend on T* if T* < oo, but is independent of T for any T < T*. 
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If T* < oo, our goal is to prove that (|3.2p is valid for the coefficients of viscosity only 
satisfying (II. 2p so that the additional restriction 3p > A is not needed, and that (I3.ip is not 
true, which is the desired contradiction. 

To do this, we denote 



A(T) = sup f |Vu| 2 + f [ 
o<t<T Jm.3 Jo Jk 



P\u\ 2 
o Jr 3 M 

and 

B(T) = sup [ P 9 2 + [ [ k|W| 2 . 
0<t<T 7 R3 7o 7r3 

The following proposition plays a crucial role in the section. 



Proposition 3.1 Assume that the initial data satisfies i2.5\) , h2. 6]) . and \2. 7| ). If the solution 
(p, u, 6) satisfies 

A(T) < 2EKx, B{T) < 2K 2 , < p < 2p, (x,t) £l 3 x [0,T], (3.3) 

then 

A{T) < ~EKi, B(T) < |ftT 2 , < p < ~p, (x,t) £l 3 x [0,T], (3.4) 
promded C < e . Here E = + ^gf^ + ^gg^ + 1, and 



Eq = mm < 



94 

C(2p + X)~ Cn 12 p 12 {2p + \) 24 C{2p + \f 



/if(l + C 12 )T (1 + C 12 ) 12 (^ + 1) 12 ^ 3 



where 
C 3 = 

min < 



^ ^-g, C/i 3 K 3 (2/i + A) 6 , Cp 2 (2pi + A) 8 

K(/i + A) + l 



£ 2 ' ^ v ^ ' ' {2p + A) 8 £ 6 ' #V' £ 3 



/or some constant C > depending on p,K\,K 2 , and some other known constants but inde- 
pendent of p, A, k, and t. 

With Proposition (3J3 we shall get T* = oo. More precisely, we get the following corollary. 



Corollary 3.2 With Proposition[3J[ it holds that T* = oo wii/i valid for any < T < 
oo. 

Proof, if Ti > is the maximal time such that (|3.3p is valid, then T\ = T* . For otherwise, 
(|3.4p implies that 7\ is not the maximal time. 

If T* < oo, then (|3.2p could be deduced by using (|3.3p together with the Z^-bound 
of p (see Lemma 13.41 below) . With T\ = T* and (13. 3p , (13. ip is not true which reaches a 
contradiction. Thus, we get T* = oo. Then T\ = T* = oo, which implies that (j3.3[) is valid 
for any < T < oo. 

Remark 3.3 Corollary \3.2\ means that if Proposition \3.1\ is valid, the global existence of 
strong solutions will be got. The uniqueness of the solutions can be referred to J3J/. In this 
case, the proof of Theorem \2.2\ is complete. 
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Let's come back to prove Proposition l3.1[ Throughout the rest of the paper, we denote generic 
constants by C depending on p, Ki, K2, and some other known constants but independent of 
p, A, k, and t. 

Proof of Proposition 13.11 

Lemma 3.4 Under the conditions of Proposition [WH[ it holds that 

P= A). ( 3 - 5 ) 



for any t G [0, T*). 

Proof. For any r > 1, let <j) r be the classical cut-off function satisfying 

C 

<j) r G C^°(M 3 ), supp</» r G B r (0), (f) r = 1 in £|(0), < r < 1, and |V0 r | < — in M 3 . 



Multiplying (|2.ip i by cf> r , we have 

(<f> r p)t + • (pu) = 0. (3.6) 

Integrating (|3.6p over R 3 x [0,t] for < i < T*, and using integration by parts, we have 



<j) r p = I (p r p + I I pu - V(/) r 
t 







(prPO +11 pu- V0 r 

--h + h- 



(3.7) 



JB r (0)/Br(0) 



Since po G L , we have 



as r — > 00. 

For w e have 



Po (3.8) 



|/ 2 |<c/ A 

JO JB r (0)/Br(0) r 

J W u \\r.G(m3^\\p\ 
r-t 



1 



I L6( R 3) 1 1 P\\ L 2 (b t (fi)/B^ (0)) 1 1 r 1 1 £3 (B r (0)/Br (0)) 

<cy o ||v«|| i2(R3) ||p|| i2 ^ r(0)/jB5(0) j. 

Since Vu G C([0, t]; L 2 (M 3 )) and p G C([0, t]; L 2 (M 3 )) for t G [0,T*), let r go to 00, one has 

h ->-o. 

This together with (I3.7P and (I3.8P deduces 

p(-,t) G L 1 , 

and 

/ P = / Po 

for any t G [0, T]. □ 
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Lemma 3.5 Under the conditions of Proposition HOI it holds that 



\Vu\ 2 dx<C£, (3.9) 
o Jr 3 



provided 

K 6 (^ + A)V , 
Uo _ g — 



Proof. Multiplying (|2.ip ? by it, integrating by parts over M 3 , and using Cauchy inequality, 
we have 



\t + I P\ u \ 2 +I (/^|Vw| 2 + (^ + A)|divn| 2 ) 

= / p9dwu < (// + A) / |divu| 2 + 1 
Jr3 Jr3 4(/i + A) 



p 2 9 2 . 



This, together with Holder inequality, Sobolev inequality, (|3.3p and (|3.5p . deduces 



2 



— / PH 2 + ^/ |Vn| 2 < — * y|2 3 ||0||| 6 <^||v^ 



(3.10) 



Integrating (|3.10p over [0, T], and using (|3.3[) again, we have 



2 2 

\v u \ 2 <% \\ T dvu \\l 2 + -^- [ T \\ve\\l 2 < (i + -*—)™L<ci 



provided 

K 6 (^ + A)V . 
C 6 f K (/i + A) + l N 



□ 

Lemma 3.6 Under the conditions of Proposition [WH[ it holds that 

A{T) < (3.11) 

provided 

Co - mm \ Cl ' 216C 3 ' s^F' 36C* J " C2 ' 

w/lere 5 _ (14/H-9A) 6pX 2 , %pkK2 , 1 

wiere - 2/j + M ( At +A)if 1 + ^I+A)^ + L - 

Proof. Multiplying (|2.ip 9 by ut, and integrating by parts over M 3 , we have 
/ P^\ 2 + \t + I (HVu| 2 + (/i + A)|div«| 2 ) 

=Jt I Pd[VU ~ 2(2^TA) Jt L ^ ~ ^TA L ^ + L P(U - V)U - U ( 3 - 12 ) 
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where G = (2(jl + A)divu — P. 

Recalling P = p6, we obtain from (I2.ip i and (I2.ip ^ 



P t = -div(Pu) - pfldivu + ^|Vu + (Vu)'| 2 + A(divu) 2 + kA6. (3.13) 

Substituting ()3.13j) into II3, and using integration by parts, Holder inequality and Sobolev 
inequality, we have 

2fJ> + A J R 3 2p + A 7 R3 



2(2// + A) 



! \Vu+ (Vu)'\ 2 G ^— f (divu) 2 G 

Jrs 2/i + A J R 3 



+ ^^- / V0-VG 

2ju + A J K 3 

<2^ll^ll^lklU6||VG|| i2 + ^-L^||p0|| L3 ||divu|| L2 ||G|| L 6 (3-14) 

+ C||G|| L 6||Vn|| L2 ||Vn|| L 3 + -^-||VG|| L2 ||V0|| L 2 

2/i + A 

^^-^tIIHI^II^II^II^II^IIv^IU 2 +g||vg|| L 2||vu|| l2 ||v u || L 3 

2/i + A 
2/i + A 

Taking div and curl, respectively, on both side of ()2.ip 9. we get 

AG = div(pu), (3.15) 

and 

/xA(curlu) = curl(pu). (3.16) 
By (|3.15p . (|3.16p . the standard L 2 -estimates, and (|3.3p . we get 

||VG|| L2 < \\pu\\ L 2 < ^\\Jpu\\ L 2, (3.17) 

and 

||Vcurlu|| i2 < — ||pu||jya < ^—^-\\^/pu\\i,2. (3.18) 
fj, fi 

Since Vu = VA _1 (Vdivu — V x curlu), we apply Calderon-Zygmund inequality to get 

||Vii||^3 <G||curkt||£3 + C[|divtt||^3. 

This, together with (|3.17p . (|3.18p . Sobolev inequality, Holder inequality, and Gagliardo- 
Nirenberg inequality, deduces 

||Vn|| i3 <C||curru|| L 3 + ^-^\\G\\ L3 + ^-^||p0|| £3 

<C||curlu||J 2 ||Vcurl«||| 2 + ^-^-||G||| 2 ||VG||| 2 + ^-^\\p\\ L , \\9\\ L& (3.19) 



:^||curln||| 2 ||Vpn||| 2 + JL-^G^ \\^pu\\\ 2 + 
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Substituting (|3.17p into (|3. 14[) . we have 



Ih<j^\\p\\ L e\\V9\\ L 4Vu\\ L 2\\^pu\\ L2 + C|| > /pu|| ia ||V«|| La ||V«[| £ 8 



4 llv7 * + (2 ^ A)2 ll/€*llvg||| 2 ||v< 2 + ^||Vu||| 2 
( \\VHUp°\\b + 7*^\\Vnh- 



+ (, + A) I |div^ + -L. + ^ jf ||p||! 6 1| W||| 2 || V«|| 



L 2 



(3.20) 



2/x + A 

For 1/4, using Holder inequality, (|3.3h . and Sobolev inequality, we have 

Ih < CIIVpMll^lHUellVnllia < C||Vpn|| L2 ||Vn|| i2 ||V U || L 3. (3.21) 
Putting (I3.20p and (I3.2ip together, and using (I3.19D . and Young inequality, we have 



(3.22) 



(2/j + A) 4 " ( 2/ , + A)2 

Substituting (pT22l) into (I3TT2]) . we have 

4/,» Pdi ™- 2(2^A)SI P2 + ^W»* -IV^IV^i, (3.23) 

Integrating (|3.23[) over [0,t], and using Cauchy inequality, we have 
II P\M 2 + I (p|Vu| 2 + (p + A)|divu| 2 ) 

JO 

</ (/i|Vu | 2 + (M + A)|divu | 2 ) -2 / p g div^o + „ - : 
Jr3 Jrz 2/i + A 
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which, together with (|3.3p . (|3.5p . and (|3.9p . gives 



/ / p\u\ 2 + fi [ |Vu| 2 
Jo J~R 3 Jr 3 



(14^+gA) 6pK2 8pkK2_ , CCq^JTi C^ifr j 

2 Al + /i + A + ( M + A) 2 + K (2 M + A) 2+ ^ 2 (2^ + A) 4 °° 

- p 2 2 

provided 



T <min/r A 3 (2/i + A) 6 M 6 M 2 (2p + A) 6 ■ A 

By (j3T2l|) . we get (fBTTTT) . □ 
Lemma 3.7 Under the conditions of Proposition [PI if ZioZds 

S(T) < (3.25) 



provided 



Proof. Multiplying (|2.1|h by 6 and integrating by parts over IR , we have 



fn< min^ c 2! ^ — - — i — , -^Ll c, 

1 6 4 C 4 (2/i + A) 8 £ 6 6 4 C 4 fiV 6 6 C 6 £ 3 J 



1^ + 55' p ' 



= - / p# 2 divu + / -|Vu+ (Vu)'| 2 + / A(divu) 2 , R \ 

t=i 

For III\, using Holder inequality, and Sobolev inequality, we have 

Ilh < Hdivnll^lleil^llpll^ < Clldivull^llVeil^Hpllie. (3.27) 

For III2 and III3, using Holder inequality, and Sobolev inequality again, together with (|3.19p . 
we have 

II I 2 + Hh 

<C(2[i + A)||Vn|| i 2||Vn|| i 3||6'|| L 6 < C(2p, + A)|| Vu\\ L 2 ||Vu|| L s || V0|| X 2 
C(2p + X) u 3 u ^ nu „ 1 „_„ „ 1 „ 1 (3.28) 



< 



Vn||| 2 ||V0|| L2 ||Vpn||| 2 +C||Vn|| L2 ||V0|| L2 ||^||2 2 ||^lll 2 



+ C||Vu|| L2 ||V0|| 2 2 ||p|| i 6. 
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Substituting (|3.27p and (|3.28[) into (|3.26p . and using Cauchy inequality, we have 

Jr3 l at j R 3 

C(2^ + A) 



Vp 



|V«||| 2 ||Ve|| L2 ||Vpn||2 2 +C||Vn|| L2 ||V0|| L2 ||^||2 2 ||^ll22 



+ C||Vu|| i2 ||V^||| 2 ||p|| z6 (3 ' 29) 
<1 f | V g| 2 + g(2 ^ + A)2 ||V^ll| 2 |l^llL 2 + -||Vn||| 2 ||^|| L2 ||^||L 2 

2 J R 3 KfJ, K 

+ C7||V«|| £ a||Ve||| 3 ||p|| £ 6. 

Integrating (|3.29|) over [0,t], and using (|3.3|) . Holder inequality, (|3.5|) . and (|3.9p . we have 

B(t)< f P0 \e \ 2 + C{2fl + X)2 f \\Vu\\UVp*\\l* 

JR3 KfJ> Jo 

+ - I ||v«||| 2 || P 0|U 2 ||Vp«iu 2 +c / \\Vu\\ L 4ve\\ 2 L 4 P \\ L6 

K Jo Jo 
- 2 ^ \\Vu\\mio,t];Li) + II Vu|| L 2 ([0it] . L2) 

+ C V / I(T)Co 6 — 

^2; 



Thus, 



provided 

C <min(c 2 , ^ - i , — ^1 ^C 3 . 

I 6 4 C 4 (2 M + A) 8 £ 6 6 4 C 4 ^V 6 6 C 6 £ 3 j 



□ 



Lemma 3.8 Under the conditions o f Proposition HOI it holds that 

< p < ^, (3.30) 

/or any (x,t) G R 3 x [0, T], provided 

(2 M + A)^(log§)¥ K 1 V 12 (2/x + A) 24 (log|) 12 (2/i + A) 6 (log§) £ 



C <min { C 3 , 



(3/xC) J r(l + C 12 )^ 3 12 C 12 (1 + C 12 ) 12 (^ + 1) 12 3 6 C 6 £ 3 



A 

=£ . 



Proof. The first inequality of ()3.30p is obvious. In fact, this has been obtained in [3] for 
any (x, t) £ M 3 x [0, T]cR 3 x [0, T*). We only need to prove the second inequality of (|3.30p . 

Let us mention that the Zlotnik inequality (see Appendix A) used in |15j seems not 
work here. The main ingredient for handling such the difficulty is an equation derived from 
(|2.ip i involving log p. It was introduced by P.L. Lions (|25j) to prove global existence of 
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weak solutions of the compressible isentropic Navier-Stokes equations, and was later used by 
B. Desjardins (|5j) to study the regularity of weak solutions of the compressible isentropic 
Navier-Stokes equations for small time under periodic boundary conditions. 

More precisely, for any given (x,t) E R 3 x [0,T]. It follows from (12. If) i formally that 

Y'(s)=g(Y) + b'(s), (3.31) 

where 

Y(s) = log p(X(t;x,s),s) , g(Y) = b{s) = f G {X (t; x, r), r) dr, 

2u + A 2/x + A J 

and X(t; x, s) is given by 

— X(t; x,s) = u (X(t; x, s), s) , < s < t, 
as 

X(t;x,t) = x. 
By (j37L5l) and (|2~3]b . we have 

G (X(t; x, t), t) = A -1 div {{pu) T + udiv(pu) + pu ■ Vu) = A _1 div ^— (pit) + pudivu^ . 
This deduces 

6(i) - 6(0) = 3_ /" A -1 div ( -^-(pu) + pudivu^) dr 

2p + XJ \dr J 

1 1 1 /"* 

= - ~ — — -A~ 1 div(p-u) + - — — -A~ div(p u ) - 7; — 1 r / A _1 div (pudivu) dr 
2p + A 2/x + A 2p + X J 

~ 2u + A ll A ~ ldiv (/° n )ll^°° + 2~ + ^ ll A ~ ldiv (Po^o)||L°° 

1 /"* 3 

H r- / II A _1 div (pudivu) \\l°o dr = 7 IV^. 

2p + XJo '' ~ 

For 2Vl, using Gagliardo-Nirenberg inequality, Sobolev inequality, C alder on- Zygmund in- 
equality, Holder inequality, (j3.3H . and (13.51) . we have 



jyi<2-^l|A- 1 div(Hlll6||VA- 1 div(p«)||| 4 

^2p7TA IIHI ^ IIH| J 4 " ^TAll/'lli^lli^llI-l^lli (3.32) 

ccl „„ . cc\\[e 

_ 2p + A" IUj ~ 2/i + A 
Similarly, for IV2, we have 



1 



iy 2 < CCfiVE (3.33) 
2/x + A 



Similar to (|3.32|) . for IV3, we have 

C f* 1 2 

<- / ||A _1 div (pudivu) ||| 6 ||VA _1 div (pudivu) ||| 4 dr 

2p + A J 
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CI' 1 CP 1 
<- — — / ||pudivu|| L 2 dr + - — — / 1 1 pudivu \\ L * dr. 
2p + A J 2u + A J Q 



<- — — — J 1 1 pudivu 1 1^2 1 1 pudivu 1 1£ 4 (3.34) 
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By the definition of G, we have 



1 1 2 
pudivu = -puG + -p u6. 



This, together with Holder inequality, Sobolev inequality, (|3.17p . (|3.18p . (|3.3j) . and (|3.5p . 
deduces 



||pudivu|| i2 < \\puG\\ L 2 + - ± i - \\p 2 u6\\ L 2 



-2^TA ll/0|lL6||n|li6||G|lL6 + ^^MhzhheML* 

G G (3-35) 

<2^l|p|U 6 ||VuM|VG|| L2 + ^—^\pf L ^u\\ L ^B\\ L , 

<^f^(» + liv^ 2 ), 



and 

1 „ „„ 1 

I ■ -..../ M | 



||pudivn|| L 4 <- — —\\puG\\ L 4 + - — — ||p 2 M0||j 



'2/z + A 2/x + A 

< 



'2/j + AV" 

< C(l|V "'^f" llL6) (llHI^II^|| L2 + llpH^HVfl^) (3 36) 

CC 12 / 
-277+a (I|Vu|Il2 + l|v x uhe + \\ di ™\\Ls){\\VPu\\Li + ||V0|| L2 

CG U / 1 \ / 

-27Ta ( l|Vn|li2 + ^l^^ 2 + H V *M) (lIV^IU 2 + ll v *ll^ 

Putting (|3.35p and (|3.36p into (|3.34p . and using Cauchy inequality, (j3.3|) . and (|3.9p . we have 
i 

m < (2 ^ + ° A)2 ^ l|Vn|| i2 (H^IIl^ + l|V^|| L2 ) dr 

+ WTWl (ll Vt 'lli.' + -(IIVP«lli» + llv«llt»))(llv^»llL» + l|ve|| 1I ) t ir 

11 11 



< 



" (2,u + A) 2 °° + //(2p + A) 2 l/ " k 
By ([332]), ([SMD and (13371) . w e have 



(2/1 + A) 2 //(2/z + A) 2 « 2/i + A (3.38) 

<log| 



provided 



Cq < min < 



A 

=E . 



C 3 , 



(2/i + A)-(log|)- K 1 V 2 (2/i + A) 24 (log|) 12 (2 M + A) 6 (log|) 6 
(3/^^(1 + C , f)¥' 3 12 C 12 (1 + C,f ) 12 (/m£ + l) 12 ' 3 6 C 6 £ 3 
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Integrating (|3.3ip w.r.t. s over [0,t], we get 

log p(x, t) = log po (X(t; x, 0)) + I g(Y) dr + b(t) - 6(0) 

J o 

3 

<logp + log-, 

which deduces 

p Y' 



□ 



Remark 3.9 The proof of the upper bound of p is not rigorous, since p may vanish. In fact, 
this could be handled by constructing an approximate solution p s > to /I2.1\) i with initial 
data po + 5 > 0. Then one can replace logp by logp 5 and finally pass to the limits 5 — > + . 

4 Global dynamic properties 

In this section, we denote generic constants by C depending on the initial data, coefficients 
of viscosity and heat conduction and some other known constants but independent of t. 
Theorem I2.6I will be proved in the following two subsections. 

4.1 Large time behavior 

The main result in this subsection is stated as follows. 
Proposition 4.1 Under the conditions of Theorem \2.6\ it holds that 

(p\e\ 2 + \Vu\ 2 + \ve\ 2 ) -+o, (4.i) 

as t — ^ oo. 

Though the global existence of the strong solution has been obtained in Section 3, the 
higher order estimates of the solutions may depend on t for any t £ [0,oo). To prove Propo- 
sition 14.11 we need some higher order estimates of the solutions with the upper bounds 
independent of t. More precisely, the following lemmas are needed. 

Lemma 4.2 Under the conditions of Theorem \2.(A it holds that 

(p\u\ 2 + |W| 2 )+ f I (\Vii\ 2 + p\6\ 2 ) <C, (4.2) 
Jo it 3 v ' 

for any t G [0, oo). 

Proof. By Lemma 6.4 in |31| . we can easily get 
1 d 



2dt 



p\u\ 2 + (p\Vu\ 2 + (p + X)\divu\ 2 ) 

JR3 



(4.3) 



<| l|Vn|| 2 L2 + C\\^9\\ 2 L2 + C\\yp6\\% + C\\Vu\\ A Li , 



and 

1 /' J (1 

2 



2 dt J R s 

-Jt J 3 (f ' Vu + (Vu) 'l 2 + A ( divn ) 2 ) 9 + c\\VpM\1* ||V0|| i2 (||Vu|| i2 + ||W|| L2 ) ( 4 - 4 ) 
+c , ||Vu|| L 2 (\\y/pu\\ L 2 + \\ve\\ L 2 + ||Vu|| L 2) \\ve\\ L 2 + c\\ve\\l 2 + c\\vu\\ A L4 + c\\ve\\ 2 L2 . 
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For ||Vu||^ 4 , similar to (|3.19p . we have 

||Vn||^ 4 <(7||curln||^ 4 + C||divu||^ 4 

<C||c U rlu||| 4 + C||G||l 4 + C||V0||i 2 

<C||curht|| L 2 1| Vcurlu|||a + C||G|| L 2 ||VG||| 2 + C\\V9f L2 

<C\\Vpu\\h + C\\Vu\\l 2 + C\\V9\\l 2 . 

Substituting (|4,5p into (|4.3p and (|4.4p . respectively, integrating the results over [0,t], and 
using Corollary 13,21 (13. 9p . and Cauchy inequality, we have 

/ p|n| 2 + j [ \Vii\ 2 
Jr 3 Jo Jr 3 

<c f \W~pHh + c f || Vp«||1 2 + c f \\vu\\\ 2 + c f \\ve\\\ 2 + c 

Jo Jo Jo Jo 



<c f \\y/pdf L * + c [ \\y/pu\\ 4 L2 + c sup ||vu||| 2 /' || v«||| 2 + c / ||w||| 2 + c 

Jo Jo 0<s<t Jo Jo 

<c f ||y^||| 2 + c f \\jpu\\» + c f I|V0||| 2 + c, 

Jo Jo Jo 



(4.6) 



and 



! [ P \9\ 2 +f \V9\ 2 

Jo Jr 3 Jr 3 

<2 / |Vu + (Vn)'| 2 + A(divu) 2N ) 9 
Jr 3 V2 y 

+ C f \\Vu\\ L 2 (\\^pu\\ L 2 + \\V9\\ L 2 + ||Vu|| x2 ) HV^IIxa (4.7) 
Jo 

+ c [ \\vef L2 + c [ ||v^||l 2 + c 

Jo Jo 

<C [ \Vu\ 2 9 + e [ \\Vu\\ 2 L2 + C [ \\V6\\l 2 + C [ \\y/pu\\%> + C, 
Jr 3 Jo Jo Jo 

for e > to be decided later. 

For the first term of the right hand side of (|4.7p . for e > 0, we have 

C [ \Vu\ 2 9 <C||Vn|| 2 i2 ||0|| £6 < CUcurlnll 2 !, ||V0|| i2 +C||divn|| 2 12 ||V0|| L2 



1 



<C M|curl«||£ 2 ||Vcurlu||£ 2 + ||G||j? 2 ||VG|| jU ||V0|| L 2 

+ C|| P 0|| 2 ¥ ||V0|| i2 ( 4 - 8 ) 

<C-||Vpu||| 2 ||V0|| i2 + C||^||| 2 || P 0||| 6 ||V0|| Z 2 

<C-||Vp«||| 2 ||V0|U 2 + C||V0||| 2 < \\\V9\\l 2 +e\\Jpu\\l 2 +C, 

where we have used Holder inequality, Calderon-Zygmund inequality, Gagliardo-Nirenberg 
inequality, ()3.17p . ()3.18p . Corollary 13. 2| Sobolev inequality and Young inequality. 
Substituting into (|4T7j) . we have 
ft 



I I P\e\ 2 + \f |W| 2 

jo it 3 1 Jr 3 

<e\\Vpu\\h+e[ \\Vu\\ 2 L2 +C [ ||V0||| 2 +c/ \\^pu\\l 2 +C. 
Jo Jo Jo 



(4.9) 
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Multiplying (|4.9p by 2C, putting the result into (|4.6p . and taking e sufficiently small, we have 

rt 

h Jr 3 



f (p\u\ 2 + | W| 2 ) + f f (|Vu| 2 + p\0\ 2 ) <C f \\yfpu\\h + C f + C- (4.10) 

Jr 3 JO Jr 3 JO JO 



By Corollary 13.21 ||^/p^||r,a and ||V0||? a are bounded uniformly for t in L 1 ([0, t]). This 
together with (|4.10p and Gronwall inequality deduces (|4.2p . □ 

Corollary 4.3 Under the conditions of Theorem \2.6\ it holds that 



\\u\\ L oo + ||V«|| L r + / / (p|^r + |V 2 0| 2 ) <C, (4.11) 
jo Jm 3 

for any r £ [2, 6], and any t £ [0, oo). 

Proof. Similar to (j3. 19|) . using (|4.2p and Corollary 13.21 we have 

||Vn|| L6 <C||culra|| L 6 + C\\G\\ L6 + C\\p9\\ Le 

<C||Vculrw|| L 2 + C\\VG\\ L 2 + C\\V8\\ L 2 (4.12) 

<c\\^pu\\ L 2 + c\\ve\\ L 2 <c. 

By Corollary 13.21 we have 

\\Vu\\ L 2 < C. 

This, together with (|4.12p and the interpolation inequality and Sobolev inequality, deduces 

||w||l°° + \\Vu\\ L r < C, (4.13) 

for any r £ [2, 6], and any t G [0, oo). 

By (|2.ip cj. and the standard L 2 — estimates for the elliptic system, we have 

||V 2 #||| 2 <C\\ P e\\ 2 L 2 + C\\p6divu\\ 2 L 2 + C\\Vu\\i 4 

<^llv / p^ll!2 + c , llp|lii2||0||!6||v«|||4 + (5||v«|| L 2||v«||| 6 
<c|IVp0|& + ^livflllia + c\\ Vp«||| 2 + ci|w||| 2 
<qivp0||| 2 + ^l|v0||i 2 + c'|ivp«||i 2 , 



(4.14) 



where we have used Holder inequality, Gagliardo-Nirenberg inequality, (|4.13p , Corollary 13.21 
M) , dEZD , and (133]) . 

By (gUD , (H~2l) . and Corollary we get 



/ / |V 2 #| 2 < C. 
Jo Jr 3 



Recall 9 = 9t + u ■ V0, we have 

»t r rt r ft 



[ [ P \6t\ 2 <C f [ p\9\ 2 + C [ [ p\u-V9\ 2 
Jo Jr 3 Jo Jr 3 Jo Jr 3 

<c f I P \e\ 2 + c f [ \ve\ 2 <c, 

Jo Jr 3 Jo Jr 3 

where we have used Corollary 13.21 (|4.2p , and (|4.13|) . □ 
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Lemma 4.4 Under the conditions of Theorem \2.6l it holds that 

P\0t\ 2 + f f \V9 t \ 2 <C, (4.15) 
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for any t G [0, oo). 

Proof. By Lemma 6.6 in |31j . we have 

ld_ 

2dt 



7 |2 



(4.16) 



Jr 3 

= -/ Pt(— + U-V6 + edivu] t - I p(u t -V9 + u-V9 t + 9 t divu)9 t 

- / p9divu t 9 t + /i (Vu + (Vu)') : (V-Uf + (Vu*)') 6> t + 2 A / divudivu t 6> t 

5 
i=l 

For V±, using (|2.ip i . and integration by parts, we have 

V x = - I pu-V9 t (^ + u-V9 + edivu] - I pu ■ ^9 t 

JR3 V 1 J J9? 1 

- pu-{X7(u-X7)9 + u-X7X79)9 t - I pu • (V0divu + OVdivu) 6 t (a-\7\ 

JR3 JR3 ^ '> 

=X>,, 



For Vi i, using Cauchy inequality, Corollary 13. 2\ and (|4,lip . we have 

V 1A <^||V0*||| 2 +C||u||icc||V^tHi a +C||ti||i-||Ve||i a +^||u||i-||e||i,||V«||i a 

" ' (4.18) 



<h I \^0t\ 2 + C f p\9 t \ 2 + C [ \V9\ 2 . 

^ 4 7R3 7R3 Jm.3 



For Vi^2, using Cauchy inequality, and (14. lip again, together with Corollary 13.21 we have 

Vi, 2 <±: [ \V9 t \ 2 + C [ p\9 t \ 2 . (4.19) 



21 

Similarly, for V±^, we have 

v lj3 <c\\Vp0t\\v {\\ve\\ L e\\Vu\\ L s + \\v 2 9\\ L2 ) 
<c\\v~p0t\\h + c\\v 2 9\\ 2 L2 . 

For Via, using integration by parts, (|4.11j) . Corollary 13.21 Holder inequality, Cauchy inequal- 
ity, (|3.17p . (14, 2j) . Sobolev inequality, and (I3.5p . we have 

Fi 4 = - / pu-VOdivuOt — - [ p9u-VG9 t 



' 1 p 2 9 2 u-V9 t + 1 / p 2 # 2 divu#i 



2(2// + A) y R3 r 2(2// + A) 

<C , ||^II^I|V«|U 3 ||V^|| Z6 + C||VG|| L9 ||(9 t || L 6||(9|Ue||p|Ue 
+ C||0||i 6 ||p|li 12 ||V^|| L2 +C||V u || L 3||^|| L 6||0|| 2 :6 || / >|| 2 :12 

<^ / |v^| 2 + c'||^ t ||| 2 + c'||v 2 0|| 2 2 + c'||VP«|li 2 +<5||ve||i 2 . 

24 J R 3 
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(4.21) 



Substituting (|j7Tg|) - (|4T2"T1 ) into KIT} , we have 

Vx<\l \ve t \ 2 + cf P \e t \ 2 + cf |w| 2 + c||v 2 0||i 2 + c||^|| 2 2 . (4.22) 

° JR 3 J R 3 J R 3 

For V2, we have 

v 2 =- [ pu-vee t + [ p(u-v)u-v69 t - [ P u-ve t e t - [ p\e t \ 2 dw u 

JR 3 J R 3 ,/ R 3 J K 3 

+ c\\^e t \\ L 2\\e t \\ L 4Vu\\ L3 
<l [ \ve t \ 2 + c\\ve\\ 2 L3 + c\\^pd t \\l 2 

4 [ m\ 2 + c\\ve\\ 2 L2 + c\\v 2 e\\ 2 L2 + c\\^pe t f L2 . 

For V3, we have 



(4.23) 



V 3 = - [ P edwu6 t + [ P 6Vu : (Vu)'e t + - 1 - / p6u ■ VG6 t 
Jr3 J R 3 2p + A 7 R 3 

— / ^-9 2 dWu6 t ^— I —9 2 u-V9 t 

2p + A A3 2 2/x + A J R3 2 

c-N^iu^ilv^iu^n^iUsN^iUeii^iUs -1- c f ]|v^]U3]|^[U 6 [|6'[||, 6 [|^[||, X2 
+ £||u|MI0|li 6 ||p|li 12 ||v^ii i2 

4 / |V^| 2 + C\\Vu\\ 2 L2 + C||V^||i 2 + C\\^u\\ 2 L2 . 
Similar to (|4.24j) . for V4 and V5, we deduce 
V A + V 5 <C\\Vu\\ L 2\\Vu\\ L 49 t \\ L6 +C [ \Vu\ 3 \9 t \+C [ |u| 2 |Vu| 4 + -L / |W t | 2 

./R 3 J R 3 lb J R 3 

<4 / |V^| 2 + C||V«||| 2 +C||V«|| L2 ||Vu||| 6 ||^|U6+(7||«|| 2 6 ||Vn||t6 (4.25) 

JR 3 

<J / |V0 t | 2 + C||Vu||i 2 + C||Vu||£ 2 . 

° ,/R 3 

Putting (I4T22D . (IQgP . (041 . and (|4T25l) into (I4TT6]) . we have 

1/ p\e t \ 2 +[ \ve t \ 2 

«* Jr 3 Jr 3 

<c / P \e t \ 2 + c f \ve\ 2 + c\\v 2 e\\ 2 L2 + c\\^u\\ 2 L2 + c||Vu||| 2 + c||Vu|| 2 2 

JR 3 JR 3 

Integrating (I4T261) over [0,t], and using Corollary O (US]), (g2]), and (l4TTll . we get (l4TT5|) . □ 
Proof of Proposition 14.11 



(4.26) 



Denote 

F(i) 



22 



By (HUD, Corollary EES and ([33]), we have 

FGL^Coo). (4.27) 
Moreover, by (ETT2L (13321) . Corollary E21 and ([33]), we have 

<C / H^| 2 + C'llplli6||V0||| 2 ||Vn||| 2 +C'||Vn||| 2 

+ C||Vn|| 4 L2 ||p0||i 2 + C'||Ve||i 2 (4.28) 
<C I p\ii\ 2 + C||W|| 2 2 + C||Vn||| 2 , 

where we have used Au = Vdivu — V x (curlu) such that 

f \\7u\ 2 = [ (|divu| 2 + |curlu| 2 ). (4.29) 

By ([Qgp . Corollary E21 ([22]), and ([4T2TD . we conclude that 

F e ^(O.oo), 

which deduces 

L\cut\u\ 2 + (<) = -> °> ( 4 - 3 °) 

as i — >• oo. 

It follows from Corollary 13. 2\ (I4.15f) . we can easily get 
which deduces 

||V0||| 2 (i)^O, (4.31) 

as t — > oo. 

By (pETOJ) , USD, Corollary E21 and ([33]), we get (|4TT]) . 
4.2 Decay estimates 

Proposition 4.5 Under the conditions of Theorem \2.6\ we get 

+ \Vu\ 2 ) < Cexpi-dt}, (4.32) 



for any t £ [0, oo), provided 

C < min{e ,eo}, 

for some £q > depending on jx, A, k, K\, K2, p, and some other known constants but inde- 
pendent oft. 

Remark 4.6 The decay rate of ||V0||^2 is still unknown. 
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Proof. By (ET551) . (14T29D . Corollary [3J2 and ([33]), we have 

G 2 \ 



[ P\M 2 + 4 / ( ^|curlu| 2 + 



2fi + \J 



<^^llp|lial|v^lli 2 ||vn||| 2 + ^nvuiik + ^-^iivullt,!!^!^ 



--MiWvewl* + m 2 \\Vu\\ 2 l2 , 



where Mi = „fe + , and M 2 



1 (2^+A)^ I ' ^ 1 (2 M +A) 4 

By (pT29j) . we have 

\2 



*/ M\ 2 + ^- [ p\e\ 2 < C(2fi + X) l|V U [|l 2 [|^lk 2 + -l|Vn[|| 2 ||pg[| L2 [|^[| L2 
y R3 eft J R 3 K/i k (4.34) 

+ C||Vu|M|V0||i a ||p|U«. 
Multiplying ()4.34p by -, and using Corollary 13.21 (|3.5p . and Cauchy inequality, we have 



2Mi / |W| 2 + 



2 2Mi d 



K dt 



< lM 2 ^ ^||V U || l2 ||Vpu|| l2 + L^||Vu|| i2 ||^i|| L2 

K, fjj K 

+ gc^vj |[vg[|ia (435) 

1„ ^ ll2 f C(2fi + X) 4 E 2 M 2 CM 2 E\^ ll2 

+ (^44 — + j l|v " lli3 

+ ^|V«. 
Adding (l4~35j) into (f433|) . we have 

Mr/ |W| 2 + ^|/ H^| 2 + i/ PH 2 + 4/ Uurl.| 2 + 

Jrs « at Jrs 2 J R 3 dt J R 3 V 2/1 + A J 



.i«.i2 C(2n + \) 4 E 2 M 2 CM?E\ Il2 CQMiVfi,,™,,, 
<M 2 ||V«|| 2 2 + 1 ^ , 2 1 + — f- ||Vn||| 2 + l|V0||£ a 



<M 3 ||V< 2 + ^||W||| 2 , 
provided 

^ <r ■ / * 6 1 
Cn < nun < e 0l — ^ 

I 2 6 C 6 £ 3 J 

TT jr w C(2^ + A) 4 £ 2 M 2 CM, 2 £ 
Here M 3 = M 2 + V ^ ; 2 1 + 

K /jL K 
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Thus, 



2M 3 



Multiplying (I3.10|) by , and adding the resulting inequality into (14.36P , we have 

is (M3|V U | 2 + ^|V^ + ipH 2 ) 

d f /M 3 . l2 2Mi ml2 . , l2 G 2 \ 



< 



>(/i + A) 

provided 

where 

£o = rnin < 

By (I4.37j) . together with the facts 



C < mm{e ,£o} , 

3 

k 6 / ui(/i + A)lMf 



2 6 C 6 £ 3 



8C2M3 2 



p|«l 2 <IIHI L §ll«lli6<c||vn||| 2 , 



/ 



p|e| 2 <C||V0||i 2 , 



(4.37) 



and 



we get 



|curru| 2 < CUVcurlufe < C\\puf T e < C\\^pu\\ 2 L 4^p\\ 2 L3 < C\\Jpu\\ 



L5 



L 2 1 



f |G| 2 <C||^|| 



2 

L 2 , 



M 3 



2M 



Ci I ( — p\u\' 2 + — P \9\ 2 + ^|curln| 2 + 



G 2 \ 

2// + a; 

G 2 



+ */ (^n| 2 + ^| 2 + ,|curH 2 + -^-)<0, 
dt j M 3 V k 2/i + Ay 



(4.38) 



for some constant C\ > depending on p, A, k, Mi, M% and other known constants but 
independent of t. (14.381) deduces 



p|w| 2 + -p\9\ 2 + p\cmlu\ 2 + < ^lexp{-Git}, 



p 



where 



A 



M 3 



'R 3 \ V 

By flgZg) and iH9| . we get (|Q2]I . 



2p + XJ 



PoWol 2 + — -Pol^ol 2 + /i|curhi | 2 + 



(4.39) 



2/i + A 



□ 
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5 Necessary conditions for global strong solution with mo- 
mentum or energy conservation 



In this section, we shall prove Theorem 12.81 Throughout this section, we denote generic 
constants by C depending on the initial data, p,, A, k, C b , and some other known constants 
but independent of t. Theorem 12.81 can be divided into the following two propositions. 
The first one is stated as follows. 

Proposition 5.1 Assume that global solution (p,u,9) of 12.1\) - [2T3\) satisfies mass conserva- 
tion for all time with initial density po E L 1 (M 3 ) ; and is bounded as follows: 

< P< C b , || Vu|| L 2([ 0)t ] ;i 2( R 3)) < C b , ||V0|| L 2([ Oit ]. L 2( R 3)) < C b , (5.1) 

for any (x,t) £ M 3 x [0,oo) ; and some positive constant C b independent of x and t. If, in 
addition, the solution satisfies momentum conservation or energy conservation, i.e., 



pu 



or 



p\u\ 



PoFol 



(5.2) 
(5.3) 



for any t > 0, then the initial momentum or the initial energy must be zero. 

Proof. Using (|5.2j) . and (|5.ip . together with Holder inequality and Sobolev inequality, we 
have 





2 




/ Pouo 

JR 3 




/ PU 

JR 3 



< 



•,*)l| 2 r 6|R,*)ll 



2 

L6 



(5.4) 



Integrating (|5.4p w.r.t. t over [0,T] for any T > 0, together with f)5. 1 j) . we have 

C 



PqUq 



< 



Let T go to oo, we get 



Similarly, if energy is conserved, then 

|2 



p u = 0. 



Po\uo 



+ P0&0 



p\u\ 



<W 3 !1 ,f + \\p 6 \\6 \\ L 6 
2 5 

<c\\vu\\ 2 L2 + c\\ve\\ L 2. 



(5.5) 



Integrating (|5.5p w.r.t. t over [0,T] for any T > 0, together with Holder inequality, and (|5.ip . 
we have 

|2 

+ Po#o 



Po|«o| 



C C 



Let T go to oo, we get 



Pol wo | 



0. 



(5.6) 
□ 



The second proposition is stated as follows. 
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Proposition 5.2 For some global strong solution (p,u,6) of \2. l\) - (273\) satisfying \5. 1}) with 
initial density po G L 1 (M 3 ) ; if i f 5, 3\) is satisfied for all time, then 

(p,u,9) = ( Po ,0,0), 

for any (x,t) £l 3 x [0, oo). 

Proof. Since po G L 1 , by Lemma 13.41 we get p(-,t) G L 1 for all time, and 



il 3 Jr:- 



Po, (5.7) 



for any t G [0, oo). 

By (|5.3p and (|5.6p . we have 



JR3 * JR3 2 



Since 

p\u\ 2 > 0, p6> > 0, 

we have 



p\u\ 2 = p6 = 0. (5.8) 

Substituting (I5.8P into f|2.1j> Q. multiplying the result by u, and integrating by parts over R 3 , 
we have 



/. 



\Vu\ 2 = 0, 

which together with fact u(-,t) G L b (]R 3 ) gives 

u = 0. (5.9) 
Putting (JLHI) and $x9§ into (J21])i and §2l$3, we have 

P = Po, = 0. 

□ 



6 Global classical solution 

The proof of local existence and uniqueness of the classical solution as in Theorem 12.121 
can be found in Section 7 (see Appendix B below). Let T* > be the maximal time for 
the existence of the classical solution. Our aim is to prove T-j* = oo. To do this, we use 
contradiction arguments similar to Section 3. 

More precisely, we assume that < T-j* < oo. In this section, we denote generic con- 
stants by C depending on the initial data, p, A, k, T* and some other known constants but 
independent of t G [0,7^*). In this case, we shall prove 

\\p(;t)\\ H2nW2 , q <6, (6.1) 

for any t G [0, T-j*), and 

\\Vu(;t)\\ m + \\V9(.,t)\\ m <C, (6.2) 
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for any t G [0, T-j*), and 

\\^pU t (;t)\\ L 2 + \\^e t (;t)\\Ll<C, (6.3) 

for a.e. t G [0, T*). With (16. li . (16. 2|) and (16.3H . we can define a new initial data at T* 

{p(;T?), U (;T?),e(;TZ)) = lim (p(;t),u(;t),0(;t)) , (6.4) 

which satisfies the conditions of Appendix B. This means that the life span of the classical 
solutions beyond T*, which is the desired contradiction. 

To get (16. ip . (16. 2p and (j6.3fl . we begin with the following lemma which is essentially 
obtained in Section 3. 

Lemma 6.1 Under the conditions of Theorem \2.12\ it holds that 

\\p(;t)h°° + \\p(-,t)\\mnw^ + \\pt(;t)\\vnL* < C, (6.5) 

\\u(;t)\\ L °o + \\Vu(;t)\\ H i + \\V6(-,t)\\ H i + ||V 2 U || L2([M;L9) + ||V 2 0|| L2([Oit];L9) < C, (6.6) 

\\Vut\\i*([o,q;V>) + l|V6» t || £a([0>tI;£B) + \\^p Ut (;t)\\ L 2 + \\^p0 t (;t)\\ L 2 < C, (6.7) 
for a.e. t G [0,2?). 

From Lemma 16.14 (16. 2p and (|6.3j) have been obtained. What we need to do is to get (16. ip . 

Lemma 6.2 Under the conditions of Theorem \2.12\ it holds that 

\\p(;t)\\m+ [ ' \\Vu(;t)\\ 2 H2 dt<C, (6.8) 
J o 

/or any i G [0,2?). 

Proof. Taking V 2 on both sides of (I2.1|b . we have 

V 2 p t + 2Vu ■ VVp + u ■ VV 2 p + V 2 u ■ Vp + V 2 pdivu + 2VpVdhm + pV 2 divu = 0. (6.9) 

Multiplying (|6.9p by V 2 p, integrating by parts over M 3 , and using Cauchy inequality, Holder 
inequality, Sobolev inequality and (|6.5p . we have 



d_ 

It 



[ |V 2 p| 2 <(7||Vn|| L oo f |v 2 p| 2 + C f \V 2 p\\V 2 u\\Vp\+C [ |V 2 p||V 3 w| 

JR 3 Jr 3 JR 3 JR 3 

<<5(||Vu||l» + 1) / |V 2 p| 2 + (7||V 2 u|| 2 6 ||Vp|| 2 3 +C ( \V 3 u\ 2 (6.10) 

JR 3 JR 3 

<C(\\Vu\\ L o° + 1) / \V 2 p\ 2 + c[ |V 3 u| 2 . 

jr 3 Jr 3 

By (|2.1|) q and the standard elliptic estimates, we have 

||V 3 n|| 2 2 <C||Vp||| 3 K||| 6 + C\\Vu t \\ 2 L2 + C||Vp|| 2 3||Vn|| 2 6 + C\\Vu\\\, 

+ C\\V 2 u\\ 2 L2 + C||V 2 p|| 2 2 + C\\Vp\\ 2 L3 \\V8\\ 2 L6 + (7||V 2 #|| 2 2 (6.11) 
<C\\Vu t \\ 2 L2 + C\\V 2 p\\ 2 L2 + C, 
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where we have used Holder inequality, Sobolev inequality, (|6.5p and (|6.6p . 

Substituting (16. lip into (I6.10p . and using (j6.5fl . ()6.6p and Sobolev inequality again, to- 
gether with (|6,7p and Gronwall inequality, we have 

\\p(;t)\\m <C, (6.12) 

for any t £ [0,3?). By (JHSD, (JBZD, ([ELI]), (pT2|) . we get 

ft 



/ ||Vn(-,t)||^ 2 dt <c, 

JO 



for any i 6 [0,T*). This completes the proof of Lemma 16.21 □ 
Corollary 6.3 Under the conditions of Theorem 1 2. 12[ it holds that 



\\Pt(;t)\\m + / \\Ps S \\h<C, (6.13) 
J o 

/or a.e. i € [0,3]*). 

Proof. Taking V on both sides of (|2.ip i . we have 

Vpt = —V(pdivu + u ■ Vp) = —Vpdivu — pVdivu — Vu ■ Vp — u ■ VVp. 
This, together with (|6.5p . Holder inequality, Sobolev inequality, (|6.6p and (|6.8p . deduces 



(6.14) 



\\Pt(;t)\\m =\\Pt(;t)\\ L 2 + \\Vp t (;t)\\ L 2 

<C + C||V P (^)|| L 3||divu(.,t)|| L 6+C||p(-,t)||^||Vdivn(-,t)|| L 2 

+ C\\Vu(;t)\\ L 4Vp(;t)\\ L s+C\\u(;t)\\L^\\V 2 p(;t)\\L^ 

<c. 

Using (|2.ip i again, similar to (|6.14p . we have 

\\Pu\\l 2 =||(pdivu + u ■ Vp) t \\ L 2 = \\ptdivu + pdivu t + u t -Vp + u- Vp t \\ L 2 

<\\pt\\ L 6\\divu\\ L 3 + || / o||L°°||divn 4 || L 2 + \\u t \\ L 6 1| V p\\ L s + \\u\\ L oo [| V p t \\ L 2 (6.15) 
<C\\Vut\\v+C. 



By ([5351) and ([577|) . we get 

/ \\Ptt\\h<C. 
Jo 

for a.e. t G [0, T*). The proof of Corollary 16.31 is complete. □ 
Lemma 6.4 Under the conditions of Theorem \2.12\ it holds that 



ft 

|2 



i|V^| 2 + / / sp\u ss \ 2 < C, (6.16) 
Jo Jr 3 

for a.e. t G [0,7;*). 

Proof. Differentiating ([2. w.r.t. t, we have 

putt + p t u t + ptu ■ Vu + pu t ■ Vu + pu ■ Vu t + VP t = pAu t + (« + A)Vdivu t . (6.17) 
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Multiplying (|6.17j) by uu, integrating by parts over M 3 , we have 

/ Pl^ + kif (p\Vu t \ 2 + {u + \)\divu t \ 2 ) 
Jr3 2 at j R 3 

= - (p t u t + p t u ■ Vu) -u tt - / {put • Vu + pu- Vut) - uu - / VP t ■ u tt (( , 1 8 \ 

JR3 Jk? JR3 {U.IO) 

1=1 

For VIi, using (|2.ip i . integration by parts, Holder inequality, Sobolev inequality, (|6.5p . (|6,6p . 
(|6.7p and (|6.13p . we have 

Vh = ~ T . [ (\pt\u t \ 2 + p t {u • V)u -ut)+l [ Ptt\u t \ 2 
+ / {p tt u ■ Vu + p t u t ■ Vu + p t u ■ Vu t ) ■ u t 

< - -77 / ( \pt\u t \ 2 + Pt{u ■ V)U ■ U t ) + / {p t U + pU t ) -VUfU t 

at Jr3 \2 J J R 3 



+ \\Ptt\\L4 u h°°\\Vu\\ L 3\\ut\\ L 6 + ||p t || L 2||u t ||| 6 ||Vu|| L 6 

+ l|pt||l,6||«|U6||Vnt|| L 2||« t || L 6 

~ ~ dt I i (\ pt ^ 2 + P^ U ' V ) M ' n *j + WPtWtf \W\\L°°\\Vut\\ L 2[i i,\\ L ,. 



+ || v / p||L-||nt||L-||V^|| i2 ||Vp^llL 2 +C||Vn t ||l 2 +C\\p tt \\ 



L 2 



-~JtJ R3 {\ pt ^ 2 + Pt( - U " v)n " Ut ) + ^(ll Vu *lli 2 + II v2 ^IIl 2 )II v ^IIl 2 

+ C\\pu\\h- 

For VI2, using Holder inequality, Sobolev inequality, (|6.5p and (|6.6p again, we have 



VI 2 <) I H^lVCIIpll^llntlliellV^II^+Cllpll^hlll^llV^II 2 



L 2 



<- A I _p\utt\ 2 + C\\Vu t \\l,. 



For VI3, we have 



T// 3 =4: I Ptdivut - I Ptt&vut 



dt 

z Jt L Ptdb/Ut ~ ^ta L PttGt - mhxjjt 1 - p * 



3 

r 1 J r 



(6.19) 



(6.20) 



(6.21) 



By d2H])i and ([HQs, we have 

P tt = - div(p0u) t - (p#divu) t + /i (Vu + (Vu)') : (Vu t + (V«t)') 
+ 2A(divu)divuj + nAOf. 

Substituting this equality into the second term of the right side of (|6.21|) , and using integration 
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by parts, Holder inequality, Sobolev inequality, (|6.5p . (|6.6p and (|6,7p . we have 

9,-ZT / PttG t = -V^Txl (P du )f^G t + -^— f G t (pddivu) t 
2p + X J R 3 2/i + A y R3 2^ + A J R3 



2/x + A 
2A 



/ G t (Vn + (Vn)') : (Vn t + (Vn t )') 

/ G t (divu)divu t + - / VG t -VO t 
Jr3 2^ + A J R 3 



2/i + AJ l3 " v 7 2^ + AJ K 3 (6.22) 

<C'll(p^) i ||L2||VG t || L 2+C'||G 4 || L2 ||pMivn 4 || L 2 
+ C||G t || i6 ||p0 t divu|| i j +(7||G t || i 6|| ft 0divu|| i j 
+ C'||G 4 || L 6||Vn|| L 3||Vn < || L2 +(7||VG 4 || i2 ||V^|| L2 
<(7||VG t || L2 (||V^|| i2 + ||V^|| L2 + 1) + C\\Vu t \\ 2 L2 + C\ 

It follows from (|3.15p that 

\\VG t \\ L 2 <C\\(pu t + pu- Vu) t \\ L 2 

<c\\pt\\ L 3\\u t \\ L e + c , ||Vp||L°°Hv^«ttlU 2 + c'llptlU 3 ll' u IU oo l|v«||i6 ^ ^ 

+ C||p||loo ||nt|| L 6||Vu|| L 3 + C'|| / o||Loo||n||Loo||Vnt|| i2 
<C\\Vu t \\ L 2 + C\\^pu tt \\ L 2 + C, 



where we have used Holder inequality, Sobolev inequality, (|6.5p and (|6.6p . 
Substituting (|6.23p into (16,221) . and using Cauchy inequality, we have 

1 f 1 



, / PuG t <\! P \uu\ 2 + C\\Vu t \\l 2 +C\\Ve t \\ 2 L 2+C. (6.24) 
2p + A J R 3 4 J R 3 

Putting dEE]), (JSISni), (|^2"Tj) and (pT24"|) into (f6TT5j) . and using Cauchy inequality, we have 

1 /* \ d f 

^/ P\ u tt\ 2 + ^ + {p\Vu t \ 2 + {p + \)\d\vu t \ 2 ) 

2 Jr 3 2 (tt J R 3 

+ e||V 2 w t ||| 2 + C e \\Vu t \\ 2 L2 + Cllpttlli, + C1|V0 t ||| 2 + C, 

for e > to be decided later. 

By (|6.17|) and the elliptic estimates, together with Holder inequality, Sobolev inequality, 
(USD, (USD and (1643]) . we have 



l|V 2 u t (-,i)||£2 <C'||/m tt || i 2 + C*||ftUi|| L2 + C\\p t u ■ Vu\\ L 2 + C\\pu t ■ Vu\\ L 2 

+ ciipu • vn t || i2 + c\\v Pt e + Pt ve\\ L 2 + c\\v P e t + pv^i^ 

<C\\^fpU tt \\ L 2 + C\\p t \\ L 3\\u t \\ L 6 +C'||pt|| i 3||u||ioo||Vu|| X 6 

(6.26) 

+ C||pIIl°°||^||l6||Vm|| L 3 + C||p||i / oo||ii|| I/ oo||V'Ut|| L 2 + C||V/9 t || L 2||^||L°° 

+ c\\ Pt \\ L 4ve\\ L e + c\\Vp\\ L 4o t \\ L e + c\\p\\ L oo \\ve t \\ L * 
<c\\^u tt \\ L 2 + c||v« t |U2 + c\\ve t \\ L 2 + c. 

Substituting (|6.26p into (|6.25p . taking e sufficiently small, and then multiplying the result by 
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t, we have 



1 f 1 d 

- A j 3 tp\u tt \ 2 + -- / t (fi\Vu t \ 2 + (p + A)|divu 4 | 2 ) 



<\ I (/i|Vn t | 2 + (^ + A)|div Ui | 2 ) - — / t (\pt\ut\ 2 + p t {u-V)u-u t 

+ / (\pt\ut\ 2 + Pt{u-V)u-ut] +-J- / tPtdivut- [ Ptdivu t (6 - 27) 
J r3 V 2 / «* ./r 3 it 3 



: "V tp t+^r—vJ p? + ct\\vu t \\i 2 + ct\\p tt \\h 

J R 3 2{2p + A) J R 3 



2(2// + A) eft 
+ C , t||V0 t ||£ a +c. 

Integrating (|6.2Tj) over [0,t] for t G [0, T*), and using (12 . 1 [) i . integration by parts, (j6.5H . (I6.6p . 
(|6.7|) . (|6,13p . Cauchy inequality and Holder inequality, we have 

Iff sp\u ss \ 2 + \ f t(p\Vu t \ 2 + (// + A)|divn t | 2 ) 
4 Jo Jr 3 2 Jr* 

<— t(pu-VufUt + pt(u-V)u-u t )+ / / (pu-Vu s -u s + p s (u -V)u ■ u s ) 

JR3 v > Jo JR3 



1 



+ / /P,fliv»,-/ / P s dwu s + - - / / P; + f 



'o 



<1T / I Vu t | 2 + 6t||p t || L a||«||L o || V«||Ls||«t|| L 6 + C' 
° Jm? 

|V^| 2 + (7. 

This gives fl6J6]) . □ 
Corollary 6.5 Under the conditions of Theorem it holds that 

t\\Vu(;t)\\ 2 H2 + f f s\V 2 u s \ 2 <C, (6.28) 



for a.e. t G [0,3\*). 

Proof. By (ISTTTj) . (ISTT21 . ([6TT6D and (|q\B|) . we have 

tllVttCt)!!^ <C, (6.29) 

for a.e t G [0,2?). 

By dS2SJ), (JEZD and floTTBT) . we get 

/ / s|V 2 u s | 2 < C, 
Jo JR3 

for a.e. i G [0,3]*). □ 
Lemma 6.6 Under the conditions of Theorem \2.12[ it holds that 



l|V^(-,i)|| W + / ||W(- )S )||^<C, (6.30) 
Jo 

for anyte [0,3\*). 
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Proof. Multiplying (|6.9p by q\S7 2 p\ q 2 V 2 /?, integrating by parts over M 3 , and using Holder 
inequality, Sobolev inequality and (16, 5jl . we have 



ivvi 9 <c||v«[U- / iv^r + ciiv^iiiriiv^ii^nvpii^ 

+ C'l|VV||^ 1 ||V 3 n|| i9 (6.31) 
2 «i<? j. r , ii\7 2 «ii' ? ~ 1 ii\7 2 1 



<c||v«|| H2 / ivvr + ciiv^lv^ii^. 

By (|2.ip 9. (|2.ip ^ and the elliptic estimates, together with Sobolev inequality, (|6.5p . (|6.6p . 
(|6.7p . Holder inequality and Gagliardo-Nirenberg inequality, we have 

||V 2 «||^i, 9 <C\\pu t \\ w i, q + C\\pu ■ Vu\\ w i, q + C\\V(p6)\\ w i, q 

<C\\V(pu t )\\ L 2 + C\\V(pu t )\\ Lq + C\\V(pu ■ V«)|| w + (7||VV)|| L9 + C 
<C||Vn t || i2 + C||Vn t || L9 + (7||Vp|| L oo || Vn t || L2 + C||V 3 n|| L2 

+ c\\v P \\ LO o + c||v u || L oo + c\\v 2 P \\ Lq + c||v 3 e|| L 2 + c (6 - 32) 

<C||Vn t ||^||V 2 n 4 ||3^ + C(||V 2 p|| L9 + l)\\Vu t \\ L * + &\\V 3 u\\v 



+ (7||V 2 p|| L ,+(7||V 3 0|| L 2 + C', 



and 



(6.34) 



l|v 3 #|| L2 <c\\vp6 t + P ve t \\ L 2 + c\\v P u ■ ve\\ L 2 + c\\ P Vu ■ ve\\ L 2 + c\\ P u • vw|| i2 

+ C\\Vp6divu\\ L 2 + C\\pV9dwu\\ L 2 + C\\p9Vdwu\\ L 2 + C||VuV 2 u|| L2 (6.33) 
<C\\V9 t \\ L 2 + C\\V 3 u\\ L 2+C. 

Substituting (|6.32p and (|6.33|) into ([6.3ip . and using Young inequality, we have 
^ / IVVI 9 <C(\\V 3 u\\l* + l|Vn t || L2 + ||V^|| i2 + 1) ( [ \V 2 p\* + 1 
+ C\\Vu t \\ J\\V 2 u t \\^ (J |V 2 # + l) • 
It is easy to see 

\\Vu t \\ b f\\V 2 u t \\y=(t\\Vu t \\l2)^t-^ (t||V 2 u t || 2 L2 )^V^ 

<cH(i||V 2 ^|| 2 2 )^ (6-35) 
<Cr^ + Ct\\V 2 u t \\ 2 L 2 G L\[0,T]), 

where we have used (|6.16p . (|6.28p . Young inequality and q < 6. 
By (|6.7p . (|6.8[) . (16.35P and Gronwall inequality, we have 

\\V 2 p(-,t)\\ Lq <C, (6.36) 

for any t G [0,7?). By (^331) . (^771) and ([611, we get 

/V0O,s)||| 2 d S <(7, 
Jo 

for any f G [0,7?). □ 
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7 Appendix 

Appendix A (Zlotnik inequality) 
Let the function y satisfy 

y'(t)=g(y) + b'(t) on [0,T], y(0) = y°, 
with g G C(R) and y, 6 G TV 1,1 (0, T) . If g(oo) = -oo and 

6(*2)-&(*l)<^0 + ^l(*2-*l) 

/or all < t\ < t2 < T with some Nq > and iVi > 0, t/ien 

n(i) < max{n°, C} + N < oo on [0,T], 
where £ is a constant such that 

9(C) < ~N 1: for C > C 



Appendix B (Local classical solution) Assume that the initial data (pq,uq,9q) satisfies 

po > 0, 6»o > 0, in M 3 , po G H 2 n W 2 ' 9 , n G £> 2 n £>q, 6> G £> 2 n Dq, (7.1) 
/or some g G (3,6), and the compatibility conditions 

(7.2) 



Po9i, 



pAu + (p + A)Vdivn - VP(p , 9 ) -- 
kA9 + f |Vn + (Vn )'| 2 + A(divn ) 2 = ^Po52, x G 



/or some gi G L 2 , i = 1, 2. T/ien f/iere exist a positive constant Tq > and a unique classical 
solution (p, n, #) in R 3 x [0, To] suc/i that 

^C([0,T ];H 2 n^), G C([0, To];!! 1 ), p > 0, # > in R 3 x [0, T ], 
(n, 0) G C([0,T ]; D 2 D ZA, 1 ) D L 2 ([0, T ]; D 3 ), (u t , t ) G L 2 ([0, T ]; Dq), 
(Vm,Vp0t) G L°°([0,To];L 2 ), v/i^M* G L 2 ([0, T ]; L 2 ), i^t* G L°°([0, T ]; L 2 ), 
VtuG L°°([0,To];L> 3 ), Vtn 4 GL oo ([0,r ]; J Di)nL 2 ([0,r ];i9 2 ), 

tnGL oo ([0,r ]; J D 3 ^), tu^ G L°°([0,Tq]; D 2 ), tu tt G L 2 ([0, T ]; D 1 ), { ' ^ 

ifler([0,T ];D 3 )nL 2 ([0,T ];D 4 ), t0 t G L°°([0, T ]; £><}) D L 2 ([0, T ]; D 2 ), 
tifleL^CtCTo];^ 4 ), tfe t €i OQ ([0,r ];D 2 ), t^p9 u G L 2 ([0, T ]; L 2 ), 
t*^0« G L°°([0,ro];L 2 ), tl^ G L 2 ([0, Tq];Dq). 

Proof of Appendix B: 

Using some arguments similar to [21 [3], we can construct a sequence of approximate 
classical solutions (p k ,u k ,9 k ) to (|2.ip - (|2.3p satisfying 

k n ,k— 1\ n 



'pt+V-(p k u k 



p k u\ + p k u k ~ x ■ Vu k + VP{p k , 9 k ) = pAu k + {p + A)Vdivu fc , 



p k 9\ + p k u k ~ l ■ V9 k + p k 9 k d\vu k - 1 

2 



(7.4) 



Vu 



(Vu 



fc-iw 



+ A (diva 



fc-l\2 
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with initial conditions 



(p k ,u k ,9 k )\ t=0 = (p° ,u ,9 ), x £ 



and 



{p k ,u k ,8 k ) -> (5,0,0) as \x\ -> oo, for t > 0, 



(7.5) 
(7.6) 



where p$ = po + 5 for 5 6 (0, 1), and > 1. Here we take (it , 0°) = (no, #o) 
From the compatibility condition (j7.2|) . we obtain 



jiAuo + (ji + A)Vdivn - VP(pg, O ) = 



ttA0 o + f |Vit + (V«o)T + A(divit ) s 



where 



=V0 O , and ^ 



Pod, 



Po\ 2 
J I 92- 



(7.7) 



Po 



It is easy to verify 

IISiIIl 2 < IbilU 2 + V^||V(9o|| L 2, and H^IIl 2 < 11^2 Hz. 2 - 
Step 1: Some estimates. 

From [3j together with (|7.4p - (|7.8p . we get the following lemma. 



(7.8) 



Lemma 7.1 Under the condition of |7. 1% 1 1.1) and ( 7.$), i/iere exists a constant Tq £ (0, 1) 
independent of k and 5, such that 



P k > 0, \\ P k (;t)U- + \\p k (;t) ~ Hh^w^ + \\pK;t)h*nL« < C, 

h k (;t)\\L~ + [|Vu fc (-,t)[| H i + \\V9 k (;t)\\m + \\V 2 u k \\ LHm . Lq) 
+ l|V 2 6* fc || i 2([ 0it ]. i9 ) < C, 



(7.9) 



(7.10) 



l|Vn t fc || L2([0ji];L2) + \\Ve k \\L*(l0,t];LZ) + II \f?U k (;t)\\L* + II V^*«f(', *) 11^ < £ (7.H) 

/or any fe > 1 and a.e. £ G [0,Tq], where C is independent of k, 5 and t. Furthermore, 



> 



00 



Based on LemmaYT\\ we derive the next lemma by using some arguments similar to Lemmas 



6.41 and HT61 and Corollaries 16.31 and 16.51 
Lemma 7.2 Under the condition of {1. |7. 7| ) and &7.8\) , it holds that 

'Vt\\Vu k (;t)\\ H 2 + V~t\\Vu k (;t)\\ L2 + \\pH;t)\\m + \\p k (;t) - 6\\ H * nw2 , q < C, 

7i, , _ x (7-12) 



KJ0 



PttWh + \\VuT H z+t\Wp k uMh+t\\V z u«\\l 2 + \\veYm)(-,t)dt < c, 



,fci|2 



2„.fc||2 



Qfc II 2 



for any k > 1 and a.e. i G [0, To]. 

lr This can be obtained by using (|7.4p ?i and the maximal principle for the parabolic equation. 
2 It is similar to Lemma [6.11 
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We need some higher order estimates for (p k ,u k ,9 k ) which are included in the following 
lemmas. 



Lemma 7.3 Under the condition of J 7. J7, 7| ) and ^7.8 ), it holds that 

[ e (|W<f + P k \u k t f) + f° / i 2 (p fc |4| 2 + |Vu£| 2 ) < C, (7.13) 
for any k > 1 and a.e. i G [0, To]. 

Proof. Differentiating (j7.4j) ? w.r.t. t two times, we have 



p**4 + 2 ft fc 4 + p k tt u k t + p k tt u k - 1 ■ Vu k + 2p k u k - 1 • Vu fc + 2p k u k 1 • V^ fc + 

/it^T 1 • Vu k + • Vu k + p fc « fe - 1 • V«f t + VP k = pAu k t + (p + A)Vdivu&- 

Multiplying (|7.14p by u k t , integrating by parts over M 3 , and using (|7.4p i . we have 

ld_ 
2~dt 



(7.14) 



p k Wtt\ 2 + / (p\Vu k t \ 2 + (p + \)\divu k t f 
- 2 / p k \u k t\ 2 - I PtA ■ u k tt - I p k t u k - x ■ Vu k • 4 - 2 / pfrt 1 • Vu k ■ u k t 

JM? JR3 J K 3 J K 3 

-2/ p k u k ' l .Vu k -u k tt - f p k u k tt - 1 -Vu k -u k t -2 [ p k u k - l -Vu k -u k t 
J9? Jrs Jrs 

r 8 

+ / p^div4 = ^m. 



For VIIi, using (|7.4|) i and integration by parts again, together with Cauchy inequality, 
and (|7.10p . we have 

Vlh = - 4 / p k u k - x • V4 • 4 < ^ / |V4| 2 + C- / p k \u k tt \ 2 . (7.16) 
Jrs Id Jr3 Jr3 

For VII2, we have 

VII 2 = - [ ^JfV^-ti*) 



<ttt / |V4| a + d||Vu?||i 9 +^||Vti*- 1 ||i,||V^|| La ||VtH*|| £ « (7.17) 
J-0 Jr3 



+ c|| V y4lli 2 + c||A?llL 2 |lAt fc llL 6 ||vn t fc - 1 iii 2 
<j7 [ |v«?j 2 + a||v^||l 2 + a||v^ fc - 1 ||| 2 + a||v^||| 2 ||v 2 ^||i 2 

lo ./:?,. ! 

+ C\\^u k tt \\l, + C, 

where we have used (|7.4p i . integration by parts, Holder inequality, Cauchy inequality, Sobolev 
inequality, Gagliardo-Nirenberg inequality, (I7.9p . (I7.10j) and (I7.1ip . 
Similarly, we have 

Vlh + Vlh + Vlh 

+ C|| ft fc || L2 ||n fe - 1 || L6 ||Vn t fc || L6 ||4llLa ( 7 - 18 ) 



<% [ |v4l 2 + c||p|||i 2 + c||vurii| 2 + c||vMii 2 2 , 
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and 

T^TT 6 + <C'[|^ fe ^|| jC2 ||^- 1 |U 6 ||V^|| jC 3 -h C'[| /3 fe ^|U 2 ||^- :L [| jC 6[|V^|U3 



<a 1 


5 3 


\ 2 + c\h 


f?u k tt \ 


|2 

\l 2 


+ (7||V^- 1 | 


|2 


i 


J3 


\ 2 + c\\\ 


f?u k tt \ 


|2 


+ C\\Vut 1 \ 


II 2 



4 WlA^ 2 ^ IIl 2 (7.i9) 

^IIV7„,A:||2 ||v72„,fc||2 



and 



vih <■£-[ \v u k t \ 2 + c I \ P k tt e k + 2 P k t e k t + P k e k t \ 2 

lo Jr 3 Jr 3 

<J~ C [ |V4| 2 + C/ Ip^| 2 + C||^||i3||^||i6+C/ /|4| 2 (7.20) 
J-o Jr 3 Jr 3 Jr 3 

<t^ / |v4| 2 + c/ \ P k tt \ 2 + c! \ve k \ 2 + c[ P k \e k t \ 2 . 

1(3 Jr 3 Jr 3 Jr 3 Jr 3 

Substituting (fTTTUD . (f7TT7|> . (|7Igj) . QZHgD and ([7^0]) into (|7TT5|) . and multiplying the result 
by t 2 , we have 



1 fl f .9 I. ,9 5 

2dt 



m ax / t 2 p k \u k tt \ 2 + max u [ [ s 2 \Vu k J 2 < C max . / / sV|^| 2 + C. (7.22) 

<k<N J R 3 l<k<N J Q J r3 ±<k<Nj J R3 



t 2 p k \u k tt \ 2 + lf t 2 (p\Vu k t \ 2 + (p + A)|divu£| 2 
° Jr 3 v 

</ tpW + ^f i 2 |V4~T + C' / tV|n t fc t | 2 + (7t 2 ||Vn t fc ||i 2 
7r 3 8 7 K 3 7r 3 L (7.21) 

+ c^iiv^- 1 !^ + Ct 2 || ft fc t || 2 2 + Ct 2 \\V 2 u k \\ 2 L2 + ct 2 ||v^|| 2 2 ||vV|| 2 2 
+ c / t 2 \ve k \ 2 + c [ t 2 P k \e k t \ 2 + c . 

JR 3 Jr 3 

Integrating (f?T2"T|) over [0,t] for i G [0,T ], and using (|77TT]) and (f7TT2|) . for any given iV € Z+, 
we have 

/ t 2 n k \v k J 2 4- max u / 

l<fc<Ar , 

Differentiating ()7.4p q w.r.t. t, we have 

P k d k tt + P k e k + P k t u k ~ l ■ ve k + P k u k ~ 1 ■ ve k + P k u k - 1 ■ ve k + P k e k dwu k - 1 

+ p k 9 k dwu k - 1 + /^divu^ 1 = p (Vu k - 1 + {Vu k - 1 )^ : (Vn^ 1 + (Vm^ 1 )') (7.23) 
+ 2Adivn fc - 1 divn t fc ~ 1 + nA9 k . 
Multiplying ()7.23|) by 9 k t , and integrating by parts over M 3 , we have 

f p k\ 6 ^ + 1± f \ V 9 k \ 2 

jr 3 2 at j R 3 

= -/ PtOtOtt- I P k u k - 1 -V9 k 9 k - I p k u k - 1 -V9 k 9 k t - [ p^- 1 ■ V9 k 9 k t 

Jm.3 J R 3 J R 3 J R 3 

- f p k e k &vu k - l e k t - ! p k 9 k d\vu k - 1 9 k t - ( p k 9 k divut 1 9 k t f724) 
Jr 3 Jr 3 Jr 3 K'-^J 

+ n [ (Vu k - 1 + (Vm^ 1 )') : (Vu£ -1 + {Vut 1 )') 9 k tt + 2X [ divu^divu* 

Jm.3 \ I \ ) J R 3 



t l k u 



i=i 
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For Villi and Villi, similar to (|6.19p . we have 

viih=-~ I P k \e k \ 2 +f ( P k u k - l ) t -veM 

^ dt Jr3 J M 3 

rf|fi?| 2 + ll^ll£»ll«*" 1 IU-H^fl|x>l|flfl|x« 

z dt j R3 

+ ||7^|| L ^||n, fc - 1 ||^||V^|| L2 || V / ^^||L 2 

^~\tJ P^tY + CllV^lli.+CllVn^lll. + CllV 2 ^- 1 !^, 
z dt j R s 



and 



vm, -±f a- ■ v*? + / ■ v^f + / ■ w 

"I 7R3 J R 3 



d 



fen 

L 6 



+ ll/o?II^K fc " 1 IU«llvfl fc IU.||e t fc |U« + I^lbii^-Vliv^^ll^llze 
,-|/ ^-■v^ + (? ||^||i 2 + c| l v^||i 2 + c| l v«riii, 

Similarly, for the rest terms of the right side of (|7.24p . we have 
Vllh + Vllh + Villa + Vlllr 

<\\>/j°\\L<*>\\V?o&\\v (\\u$- 1 \\ifi\\vo k \\v + H^IUociiv^lU.) 
+ \\y/?\\L°°\\y/?o&\\v fll^lU-lldivu*- 1 !^ + H^IMI^- 1 !!^ 



and 



<l\\V?e k t \\h + c\\Vut 1 \\h + c\\ve k \\l 2 , 



viih=-^- [ P k e k divu k - 1 e k + f ($ t o k dxvu k - 1 e% + [ P k \e^\ 2 dwu k 

dt 7^3 J R 3 J R 3 

+ / p k t d k &\vu k t - l e k 

dt J K s 

+ \\Pt ll^ll^llielldiv^- 1 !!^ + ll^ll^ll^llL-lldiv^- 1 !!^!!^!!^ 

dt JR3 



and 



Vllh <Pj t j \ (Vu^ 1 + (W^ 1 )') : (Vu^ 1 + (Vu k 



A-- ! \ ok 



+ (7||V U fc - 1 || L 3||VnriL 2 ||^llLa+^l|Vn t fc - 1 || i2 ||Vn t fc ~ 1 || i 3||^|| L a 



+ (7||v4- 1 || i2 ||V^|| i2 +(7||Vn t fc - 1 || L2 fHV^IU. + HV 2 ^- 1 !!^) ||Vfl? 
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and 



VIII 9 <2\^- [ divtt^divwj -1 ^ + C'||Vt4~ 1 ||^||Ve t fc || L 2 

JM 3 (7.30) 

+ c-iivu*- 1 !!^ ( WVutHv + Wv^WiA l|v^|| L2 . 



Substituting (p35l) . (p36D . ([737]) . (17381) . (1739]) and ([730]) into (f73D . and multiplying the 
result by t 2 , we have 



2 7r3 2 at y R 3 

<*/ ^ d t\ 2 -\if t 2 p k t\e k t\ 2 +f W-^v^ef 

JR3 z oft 7 R3 J R 3 at J R 3 

JR 3 aI JR 3 JR 3 

+ / t 2 / Vu fc-i + (v /-i)A . ( Vu k-i + (y^M 0k (7.31) 
dt J m a \ J \ J 

-2pjt (Vu* -1 + (Vn*- 1 )') : (Vu^ 1 + (Vu^ 1 )') 9 k 

+ 2A— / ^dW^divuf - ^* - 4A / idivu^divujT^t 
Jr 3 ' Jr 3 

+ c\\ P k t \\ 2 L2 + d^iiv^iixaiive?!^ + ctwv'utHh + 

where we have used (|7. 12 j) . (|7. 13j) and Cauchy inequality. 

Integrating (|7.3ip over [0, t] for t G [0, To], and using (|T.4|) i , integration by parts, Holder 
inequality, (|7.9p . (|7.10p . (|7.1ip . (|7.12p and Cauchy inequality, we have 



\ [ [ *Viei 2 + f / *W 

2 Jo JR 3 2 Jm. 3 

-h t 2 ||^||^ 2 ||6» fc |U_||di V - i z fc - 1 || i 3||^ fc |U 6 + ^^nv^— ^i^iiv^- 1 !!^!!^!!^ 

+ 2At 2 ||divn fc - 1 || L 3||divn t fc - 1 || i2 ||^|| i6 +(7 / ^V^IbllV^lb + (7 

Jo 

<j [ *W| 2 + ! fs'WVu^X^^, 
4 Jr 3 4 Jo 

for e > to be decided later. This gives 

s 2 p k \6 k s \ 2 + max . « f t 2 \V9 k \ 2 <e max f s 2 ||V<||| 2 + (7 e , (7.32) 

l<fc<7V J R 3 l<k<N Jn 



max 

Kk<N 




for any given N G Z+. 

Multiplying (17.32H by 2(7, putting the result into (I7.22j) . and taking e > sufficiently 
small, we get 

f [ « 2 (pW + IV^I 2 ) + / t 2 (\V6 k \ 2 + p k \u k tt \ 2 ) < C, (7.33) 
Jo jr 3 v ' Jr 3 v y 

for any k G [l,iV] and a.e. t G [0, To]. Since N is arbitrary, (I7.33|) implies (I7.13p . □ 
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Corollary 7.4 Under the condition of j7.1\ ), |7. 7\ ) and j7.8\ ), it holds that 
't\\V 2 u k (;t)\\^ +t\\V 3 9 k (.,t)\\ L2 +t||V 3 n fe (-,t)|| L9 < c, 



To 



^(llv^H^ + iivv^) <C 



4/ifc||2 



(7.34) 



for any k > 1 and a.e. t G [0, To]. 

Proof. Similar to flQjj) . (ftT32l) . (|633l) and (|Q5|) . together with (j7TT2|) and (f71"3l) . we have 



i||V 2 ^(-,0ll^ <C-t||^4|| i2 +(7t||V^|| L2 +(7t||Vn t fc - 1 || L2 + Ct||V^|| L2 +C 



and 



and 



*l|V 3 ^(-,t)|| L2 < C't||V^|| L 2 +Ct||V 3 n fe ~ 1 || L2 +C< C, 



t\\V 3 u k (-,t)\\ L i KCt 1 '^ + Ct 2 \\V 2 u k \\ 2 L2 + Ct\\Vu k \\ L 2 + Ct\\V 3 u k \\ L 2 



+ Ct\\V 3 9 k \\ L2 +C < C. 



(7.35) 



(7.36) 



(7.37) 



By (I7.23P and the H 2 -estimates for the elliptic equation, together with Holder inequality, 
Sobolev inequality, C79]), (f7TT0|) and fTTT]) . we have 



||V 2 ^(-,t)|| i2 ^llp^ll^+Cllp^ll^ll^ll^ + Cll^ll^lln^ll^llV^I 



? ^llLa||V^|| L 3 +C\\p k \\ L ° 



+ c\\p k h°° \ « 



|n fc - 1 || L oo||V& 



+ C\\p k \\ L 49 k \\ L ~\\Vu k - 1 \\ Le +Cy 



WtlUellW 5 - 1 ! 



L 3 



(738) 



+ C||p fc || L o ||^|| Loo ||Vn t fc - 1 || i2 +(7||Vn fc - 1 | 



<C\\V P k 9f t \\ L 2+C\\Ve k \\ L 2+C\\Vu t 
which together with (|7.12p and (|7.13p deduces 



L A\^u k r l \\ L , 

2„.fc-li 



L 2+C\\V z u« t - l \\ L 2+C 



^l|V 2 6> t fc || 2 2 < C- 



(7.39) 



Using (|7.4p ^ and the elliptic estimates, together with Holder inequality, Sobolev inequality, 
3D, (I7TT0D . (T7TT11 and (I7TT2]) . we have 



II V 4 # fc || L2 <C\\ W^fllra + C|| V/V0?|| L2 + CH/V^IU* + C]| VV/n ft - i • V0"|| L2 



7 2 fc/jfc 



fcv72/ifc| 



Jfc„.fc-1 



+ CHV/Vu^ 1 • W fc || L2 + CHVpV -1 • VV0 fc || L 2 + CH/VVu^ 1 • W fc || L2 
+ C\\p k Vu k ' 1 ■ VV9 k \\ L 2 + C\\p k u k ~ l ■ VV 2 6 k \\ L 2 + C Y ||V 2 ^^ fc divu fc - 1 || i 2 



.fc-ll 



.fc-li 



+ C'||/V 2 ^'divn fe - 1 | 

i2 + c Y || /9 fc 6» fc v 2 divn fc - 1 || jL 2 + chvV^vV- 1 !!^ 



+ CUV/Vrdiv^-i^ + C||V/0 fc Vdivu' n L , 

+ <?l 
+ <?l 



|p ft V0 ft Vdivu 

<C\\V6 k \\ L 2 + (7||V 2 ^|| L2 + C||V 3 ^'|| i2 + C\\Vu k - l fiP + C 
which together with (j7TT2]) . (T7TT3]) . ([7736]) . f739]) deduces 

i 2 ||V 4 fc || 2 2 < C. 



The proof of Corollary 17.41 is complete. 



□ 
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Lemma 7.5 Under the condition of (|7. (7.7) and (7.8), it holds that 



r I t 3 \V9 k \ 2 <C, (7.41) 

J0 JR 3 

for any k>l and a.e. t £ [0, To]. 

Proof. Differentiating ()7.23p w.r.t. t, multiplying the result by 9\ t , and integrating by parts 
over R 3 , we have 



ld_ 
~2dt 



[ p k \9 k t \ 2 + K [ |Vfl 

JR3 JR 3 

= -2/ p k t \e k tt \ 2 -f p k a e k t e k a - ( p^- 1 -ve k e k -2 [ p'ut 1 -ve k e k t 
- 2 / ^u*- 1 • ve k e k t - [ P k u k tt x ■ ve k e k t - 2 [ A* -1 ■ ve k e k t 

JR 3 JR 3 JR 3 

~ [ p^divu^X - 2 / ^divu*" 1 !?* - 2 / p^dwutX 

JR 3 JR 3 JR 3 

-/ p k e k tt divu k - x e k tt -2 I P k e k divu k - X e k tt - ! fte k divv*r% 

Jr 3 Jr 3 Jr 3 

+ »J (V^- 1 + (Vn*- 1 )') : (Vufr 1 + (Vu^ 1 )') fi& 

+ n I Iv^" 1 + {Vu k - 1 )' 2 9% + 2X [ divu^divufc" 1 ^ + 2A / |divu£ _1 | 2 
Jr 3 I Jr 3 Jr 3 



(7.42) 
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i=i 



From (|7TI5]) . (UHZD, ([7TT5]) and (ITU?]) with -u fc replaced by 9 k , we obtain 



K 



Vm < - I \V9^ + C I p«\9" tt \\ (7.43) 



and 



vm<^- [ iv^P + ciiv^iiI. + ciiv^ii^iiv^ii^iiv^ii^ 

+ C\\^9 k t \\ 2 L2 +C\\Vu k -% 2 , 



(7.44) 



and 



y/y 3 + ^4 + ^ 5 <^ / |v4l 2 + c , llp«ll| 2 + c'||v^- 1 ||i 2 + c||v 2 ^||i 2 , (7.45) 

!2 Jr3 



and 



y/V6 + y/VV<(7 / IV^T + ^IIV^^II^+^IIV^II^IIV^II^IIV 2 ^!!^. (7.46) 



Similarly, we have 



VIVs + VIV 9 + VIV W 
<ll^ll^- l|6» fc N^- Nciiv^- 1 !!^ ||6>^||^ 6 -K 2||^||^ 2 ll^ll^e Nciw^^- 1 !!^ ||6»^||^ 6 

+ 2||p t fc || L2 ||^|U 6 ||divn t fc - 1 || L6 ||4|| i6 ( 7 - 47 ) 

<^ / |V^| 2 + C\\p k t f L 2 + C\\ V9 k \\h+C\\V 2 u k - l \\h, 
J-2 Jm.3 
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and 



VIV n + VIV 12 + VIV 13 



+ IIV^I|L-||V / ^4llL 2 ||^l|L-||div4- 1 || L2 

+ C'll^ fc jL 2 ||div4- 1 || i2 

<^ / iv^l' + cilv^^ll^ + ^liv^ll^livn^yl. + ciiv^- 1 !!!, 



and 



F7Fi4 + VIV 15 + VIV 16 + VIV 17 
<^ / iV^l' + CllV^lli, +C||Vn t fc " 1 ||i 2 ||Vn t fc - 1 || L2 ||V 2 n t ^ 1 || L2 . 

1* JR 3 



(7.49) 



Substituting (17^31) . (|7^4j) . (|735]> . (TT46D . (|7^7j) . (17T481) and (17391) into (17321) . and using 
Cauchy inequality, we have 



2dt 



[ pW + U |w*| 2 

Jr 3 z Jr 3 

<(7||V^||| 2 +(7||Vn^il 2 + C||V^ 1 ||| 2 ||V^|| i2 ||V 2 ^|| i2 (? 50) 

+ tfiip&ni, + c||v 2 ^ni 2 + c\\^e k tt \\h + ciiv^- 1 !!!. 

+ (7||VM- I || 4 i2 +C. 

Multiplying (j7.50j) by i 3 , integrating the result over [0,t] for i G [0,To], and using (|7.12p . 
(I7TT3]) . (17341) . we have 

/ iV|fi£l 2 + r / * 3 |V^| 2 <6. 
Jr 3 Jo Jm 3 

The proof of Lemma 17.51 is complete. □ 
Corollary 7.6 Under the condition of \7.1\j , J 7. 7[ ) and J7.<gp , ii ZioZds £/iat 

i 3 ||V 2 ^(-,i)||| 2 +t 3 ||V 4 ^(-,i)|| 2 2 < C, (7.51) 
for any k > 1 and a. e. t G [0, To] . 

Proof. It follows from (17381) . (17321) . (17331) . (17341) . (Oil that 

tl||V 2 ^(-,t)|| L2 <(7il||v / ?^(-,i)IU 2 +C'ii||V^(-,i)|| L2 

+ Ctl||Vn t fc - 1 (-,i)|| i2 +Cil||vV- 1 (^)llL 2 +C (7-52) 

By dZaO]), (|732"|) . (|733l) . (17341 and (f732l) . we have 

£f||V 4 fe (-,i)|U 2 <Ctl||V^(-,t)|| L2 + Ctl||V 2 ^(-,t)|| L2 

+ Cil||V 3 ^(-,i)llL2 +C'il||Vn fc - 1 (-,i)|| 2 ^ 2 +C (7.53) 
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□ 

Step 2: Completion of proof of Appendix B. 

Using some arguments similar to [3], we obtain that the full sequence (p k ,u k ,9 k ) converges 
to a limit (p s ,u s ,9 s ) for any given 5 G (0, 1) in the following strong sense: 

(p k -»• p 5 in L°°([0,T ];L 2 ), as k -»■ oo, 
\(u fe ,0 fe ) -»• (u*,0 5 ) in L 2 ([0,T ];Z^), as A; oo, 

and (p s ,u s ,9 s ) is the unique solution to (|2.ip - (|2.2p with initial data replaced by (pq, uq, 9q), 
where p s > and 9 s > 0. With Lemmas EU E2 O and E3 and Corollaries ES and [721 
and the lower semi-continuity of the norms, we have 



-S\\ H 2 nW 2, q + \\p 5 t (;t)\\ H i + \\Vu S (;t)\\ H i + 
\^6 S (->t)\\ H i + l|V 3 n 5 || L 2([ 0it ]. L 2) + ||V 3 6' <5 || L 2([ 0it ]. i 2) < C, 



\y^U S t (;t)\\ L 2 + \\Vp 1 9 S t (;t)\\ L 2 + \\Vu 5 t \\ L 2 m] . L 2 ) + 
|V#f ||L2([ 0) t] ; £2) < C, 



(7.54) 



(7.55) 



^t\\Vu s (;t)\\ H2 + V~t\\Vu s t (;t)\\ L 2 +£° (t\\^u 5 tt \\ 2 L2 + t\\V 2 u 5 t \\ 2 L ^ dt < C, (7.56) 

t\\V 2 U S t (;t)\\ L 2 +t\\V 3 e S (;t)\\L* +t\\V 3 U S (;t)\\L» + 1 1| Wf(-, t) || L 2 + t \\ V?U 5 tt (; t) \\ L 2 

+ [° t 2 (||V 2 ^|||2 + ||V^||| 2 + \\J?9i\\l2 + ||V<|| 2 i2 ) dt < C, (7 ' 57) 
and 

t 3 ||V 2 ^(-,t)|| 2 2+t 3 ||V 4 ^(-,t)|| 2 2 +t 3 \\y^9 s tt \\ 2 L2 + [ T ° [ t 3 \V9 s tt \ 2 dxdt<C. (7.58) 

Jo Jm. 3 

By (17341 . ([735]) . ([7361 . ([737j> . ([73g[) . we pass (p 6 ,u s ,e s ) to a limit (take subse- 

quence if necessary) which is the unique solution to (12. l(> - f)2.3f) . By the lower semi- continuity 
of the norms and some arguments which are concerned with the time-continuity of the solu- 
tions as in [21 [3] and references therein, we get (I7,3j) . 
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